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DSP: z-Transform Properties

TABLE3.2 SOME z-TRANSFORM PROPERTIES

Property Section

Number Reference Sequence Transform ROC
x[n] X(z) Ry
x1[n] X1(z) Ry,
x2[n] X2(2) Ry,
1 34.1 axi[n] 4 bxs[n] aXi(z) + bX2(2) Contains Ry, N Ry,
2 34.2 x[n —ng] z7"X(z) R,. except for the possible

addition or deletion of
the origin or co

3 34.3 :,3_"[11] X(z/z0) [z0l Rx
1X (z
344 nx[n] —:l ff ) Ry
5 345 x*[n] x*(z% Ry
6 Re{x[n]} %[X(:) + X*(z*)]  Contains R,
1
7 Imi{x[n]} T[X(:) — X*(z*)] Contains R,
2
8 3.4.6 x*[—n] X*(1/z%) L/Ry
34.7 xq[n] * x2[n] X1(2)X2(2) Contains Ry, N Ry,
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-Transform Properties

Linearity and Time-Shifting Example

As an example, suppose
zln] = (a" + 1)uln — 2]
One way to compute the z-transform in this case is to rewrite
z[n] = {0,...,0,0,a®> + 1,a®> + 1,...} = a®a™2u[n — 2] + u[n — 2]
Recognize that a? is just a constant, so we have

1
X(2) = q252 -2
(2) =a’z 1—az_1+z T
272(a® — a?z71 +1—az_1)

(I1—az"hH)(1—-271)

1

with ROC |z| > max{1, |a|} since this is a right-sided sequence.
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Upsampling Property

Suppose L is a positive integer and

#n] = z[n/L] n/L |s.an integer
0 otherwise.

Then

We can see this from the definition

X(z) = Z x[n/Llz™"

n=..,—L,0,L,...

= Z z[m]z~™E
m=...,—1,0,1,...

_ Ly—m

= Y amlh)
m=...,—1,0,1,...

= X (1)

If the ROC for X (z) is |a| < |z| < |b|, the ROC for X (z) is |a|'/? < |2| < |b|*/~.
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Downsampling Property (1 of 2)

Suppose L is a positive integer and

Z[n] = z[nL]
Then
13- /L —j2mr/L
v _ 1 —j27r
X(z)—E;)X<z e’ )
To see this, compute
X(z) = Z x[nL]z™"
= Z x[m]z_m/L]Im:kL

where I,,,—xz = 1 when m is an integer multiple of L and zero otherwise.
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Downsampling Property (2 of 2)

Note that L
1S iemm/oyr _
Z ; € = I[m:kL
Hence,
X(z) = Z z[m)z™™ “ s,
oo 1 L—-1
_ —m/L j(2mm/L)r
- 3 el S
m=-—oo r=0
1 L—-1 oo )
— Z ; m;oox[m]»27M/L6J(2WM/L)T
1 L—-1 oo —m
— 1/L —j2nr/L
=7 ZO ; x[m)] (z e )

1 L—-1 )
=7 Z X (Zl/Leﬂ%r/L)
r=0

If the ROC for X (z) is |a| < |z| < |b| then the ROC for X (z) is |a|* < |z| < |b]*.
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