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Ideal Sampling and Reconstruction

Consider

impulse
generator

reconstruction
 lter

xc(t)

s(t)

xs(t) ∫

nT+ǫ

nT−ǫ
dt

x[n] xs(t) hr(t) xr(t)

with bandlimited xc(t) such that Xc(jΩ) = 0 for all |Ω| ≥ ΩN , sampling

frequency Ωs =
2π
T

≥ 2ΩN , and

s(t) =

∞
∑

n=−∞

δ(t− nT ).

Based on our previous frequency-domain analysis, we know we won’t have

any aliasing in this case. The ideal reconstruction filter is a lowpass filter

with gain of T and any cutoff frequency Ωc such that

ΩN ≤ Ωc ≤ Ωs − ΩN .
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Ideal Reconstruction Filter

A convenient choice for the cutoff

frequency of the reconstruction filter

is Ωc =
Ωs

2
. This implies

Hr(jΩ) =

{

T − π

T
≤ Ω ≤ π

T

0 otherwise.

We can compute the inverse CTFT

to get

hr(t) =
sin(πt/T )

πt/T

Note that hr(0) = 1 by L’Hopital’s rule and hr(nT ) = 0 for all n ∈ Z\0.
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Output of Reconstruction Filter

At the input of the reconstruction filter, we have

xs(t) =
∞
∑

k=−∞

xc(kT )δ(t − kT ).

We can write the output as

xr(t) = xs(t) ∗ hr(t)

=

(

∞
∑

k=−∞

xc(kT )δ(t − kT )

)

∗

(

sin(πt/T )

πt/T

)

=

∞
∑

k=−∞

xc(kT )
sin(π(t− kT )/T )

π(t− kT )/T

Observe that

xr(nT ) =
∞
∑

k=−∞

xc(kT )
sin(π(nT − kT )/T )

π(nT − kT )/T
=

∞
∑

k=−∞

xc(kT )δ[n] = xc(nT ).
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Sinc Interpolation

The interpolation formula

xr(t) =

∞
∑

k=−∞

x[k]
sin(π(t− kT )/T )

π(t− kT )/T

is called the Whittaker–Shannon interpolation

formula and converges absolutely and locally

uniformly if

∑

n∈Z\0

∣

∣

∣

∣

x[n]

n

∣

∣

∣

∣

< ∞.

This is a sufficient condition but is not necessary.
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Ideal Reconstruction

To show that we can reconstruct the original signal exactly at all t from its

samples {x[n]}, it is much more convenient to work in the frequency domain.

Since

xr(t) =

∞
∑

k=−∞

x[k]hr(t− kT )

we can write

Xr(jΩ) =

∞
∑

k=−∞

x[k]Hr(jΩ)e
−jΩTk

= Hr(jΩ)
∞
∑

k=−∞

x[k]e−jΩTk

= Hr(jΩ)X(ejΩT )

= Hr(jΩ) ·
1

T

∞
∑

n=−∞

Xc

(

j

(

ΩT

T
−

n2π

T

))

= Xc(jΩ)

where the final equality uses our assumption of no aliasing.
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