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Rational Transfer Function

Recall, if we have a system with

H(z) =
b0 + b1z

−1 + · · ·+ bMz−M

a0 + a1z−1 + · · ·+ aNz−N

and the ROC includes the unit circle, then we have

H(ejω) =
b0 + b1e

−jω + · · · + bMe−jωM

a0 + a1e−jω + · · ·+ aNe−jωN
(1)

which can be factored to write

H(ejω) =

(

b0
a0

)

(1− c1e
−jω) · · · (1− cMe−jω)

(1− d1e−jω) · · · (1− dNe−jω)
(2)

The Matlab commands roots and poly allow easy conversion between
(1) and (2).

D. Richard Brown III 2 / 8



DSP: Inferring Frequency Response from Poles and Zeros

Magnitude Response

We can write the magnitude response as

|H(ejω)| =

∣

∣

∣

∣

b0
a0

∣

∣

∣

∣

|1− c1e
−jω| · · · |1− cMe−jω|

|1− d1e−jω| · · · |1− dNe−jω|

=

∣

∣

∣

∣

b0
a0

∣

∣

∣

∣

|ejω − c1| · · · |e
jω − cM |

|ejω − d1| · · · |ejω − dN |

Intuition:

◮ ejω is a point on the unit circle.

◮ |ejω − cm| is the distance from the mth zero to that point on the unit
circle.

◮ |ejω − dn| is the distance from the nth pole to that point on the unit
circle.

◮ |H(ejω)| is large when ejω is close to a pole and far from the zeros.

◮ |H(ejω)| is small when ejω is close to a zero and far from the poles.
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1st Order FIR Filter Example: H(z) = 1− az
−1

a = 0.9ej3π/7
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DSP: Inferring Frequency Response from Poles and Zeros

2nd Order IIR Filter Example: H(z) = 1
1−2r cos(θ)z−1+r2z−2

r = 0.9 and θ = 2π/5
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Phase Response

We can write the phase response as

∠H(ejω) = ∠
b0
a0

+

M
∑

m=1

∠(1− cme−jω)−

N
∑

n=1

∠(1− dne
−jω)

= ∠
b0
a0

+

M
∑

m=1

[

∠(ejω − cm)− ∠ejω
]

−

N
∑

n=1

[

∠(ejω − dn)− ∠ejω
]

Intuition:

◮ ejω is a point on the unit circle.

◮ ∠(ejω − cm) is the angle of the vector from the mth zero to that
point on the unit circle.

◮ ∠(ejω − dn) is the angle of the vector from the nth pole to that point
on the unit circle.

◮ ∠ejω = ω.
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DSP: Inferring Frequency Response from Poles and Zeros

1st Order FIR Filter Example: H(z) = 1− az
−1

a = 0.9ej3π/7
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2nd Order IIR Filter Example: H(z) = 1
1−2r cos(θ)z−1+r2z−2

r = 0.9 and θ = 2π/5
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