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DSP: FIR Filters with Generalized Linear Phase

Generalized Linear Phase

Definition
A system has linear phase if its phase response 0(w) = ZH (e/%) = —cw
for all w and any constant c.

In general, a linear phase system has frequency response
H(e%) = |[H () |e

and delays all frequencies by the same amount of time.

Definition
A system has generalized linear phase if its frequency response can be

written as H(e/*) = A(e¥)e 7+°+3% where ¢ and b are constants and
A(e?¥) is a real (not necessarily positive) function.

GLP systems are sometimes called “affine phase” systems and have

constant group delay except at discontinuities in the phase response.
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DSP: FIR Filters with Generalized Linear Phase

Type | Causal FIR Generalized Linear-Phase Systems

Characteristics:
» Odd number of coefficients.
> Symmetric
Example (filter order M = 2): h[n] = {1,2,1}.

Frequency response
. M .
H(Y) = Z hln]e™ 7"
n=0

= h[0](e77*° 4+ 7MY 4 p[1](e It 4 TN oLy B[ M/2)e I M2
_ T IwM/2 (h[o](ejwM/Q LMy Ly h[M/Q])

= e IM/Z(B0] - 2 cos(wM/2) + h[1] - 2 cos(w(M/2 — 1)) - - - 4+ h[M/2])
M/2
— ¢ IwM/2 Z a1 [k] cos(wk)
where )
] = h[M/2] k=0
"\ 2n[M/2 — K] otherwise.
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DSP: FIR Filters with Generalized Linear Phase

Type Il Causal FIR Generalized Linear-Phase Systems

Characteristics:
> Even number of coefficients.
> Symmetric
Example (filter order M = 3): h[n] = {1,2,2,1}.

Frequency response

M
H(e™) =Y " hln]e 7"
n=0
— h[o](e—jwo + e—jwM) 4o+ h[(M _ 1)/2](e—jw(M—1)/2 + e—jw(M+1)/2))
= g IwM/2 (h[O](eJ'WM/2 e IOM2y L B[(M - 1) /2)(e%? + e_jw/Q))

= e M2 (h[0] - 2cos(wM/2) + -+ + h[(M —1)/2] - 2 cos(w/2))
(M-1)/2

=e /M2 N gk cos (w (k + %))

k=0

where
az[k] = 2h[(M —1)/2 — k].
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DSP: FIR Filters with Generalized Linear Phase

Type Ill Causal FIR Generalized Linear-Phase Systems

Characteristics:
» Odd number of coefficients.
> Anti-symmetric
Example (filter order M = 2): h[n] = {1,0,—1} (h[M/2] must be zero).

Frequency response

M .
eﬂw) _ Z h[n]efjwn
n=0
= h[0](e 70 — e M) 4. £ h[1) (eI — e Iy 4y h[M /2)e <M/
— o dwM/2 (h[o](ejwM/2 _ e—jwM/2) + h[l](ejw(M/z—l) _ e—jw(M/2_1)) e )
— o~ JwM/2 (h[0] - 25 sin(wM/2) + h[1] - 2j sin(w(M/2 — 1)) +...)

M/2-1

je IwM/2 Z as[k] sin(w(k + 1))

where
as[k] = 2h[M /2 — k — 1].
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DSP: FIR Filters with Generalized Linear Phase

Type IV Causal FIR Generalized Linear-Phase Systems

Characteristics:
> Even number of coefficients.
> Anti-symmetric
Example (filter order M = 3): h[n] = {1,-2,2, -1}.

Frequency response

H(e™) =Y " hln]e 7"
_ h[O](e_j“’O _ e—]’wM) 44 h[(M — 1)/2](e—jw(M—1)/2 _ e—]'w(M+1)/2))
= ¢ WM/ (h[O](eJ'WM/2 — e M) (M- 1)/2)(e7 e_jw/Q))

= e M2 (h[0] - 25 sin(wM/2) + - - + h[(M —1)/2] - 25 sin(w/2))
(M-1)/2

=je M2 N aufk]sin <w </~c + %))

k=0

where
as[k] = 2h[(M —1)/2 — k].
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DSP: FIR Filters with Generalized Linear Phase
Summary

‘ Type ‘ Impulse response symmetry ‘ Impulse response length ‘

I symmetric M + 1 odd (order is even)
Il symmetric M + 1 even (order is odd)
1 antisymmetric M + 1 odd (order is even)
v antisymmetric M + 1 even (order is odd)

| Type | LPF | HPF | BPF | BSF | Comment |

I Y Y Y Y Most versatile.
I Y N Y N Zero at z = —1.
I N N Y N Zeros at z = *1.
v N Y Y N Zero at z = 1.

All have the same constant group delay, 74(w) = % which is an integer
for Type | and Type Ill but is not an integer for Type Il and Type IV.
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