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Cramer-Rao Lower Bound for Vector Parameters

The vector parameter Cramer-Rao lower bound (CRLB) can be simply
expressed as

~

cov [a(Y)] > 171(9)

where I71(#) is the inverse of the Fisher information matrix.

This is a matrix inequality here. When we write A > B, we mean the
matrix A — B is positive semidefinite.

Worcester Polytechnic Institute D. Richard Brown Il 2/5



ECES531 Screencast 2.5: CRLB for Vector Parameters

Example: Estimating Amplitude and Phase

Consider the case where

Y, = acos(wk+ @)+ Wy fork=0,1,...,n—1
where w is known, @ > 0 and ¢ € (—m, ) are unknown, and
Wy S (0,02) with o2 known.

With 6 = [a, ] ", let's compute the Fisher information matrix:

wo = 55 (Zaw)

k=0
1 &= 1 /1 n
= gkzzo wk—i—gz& ;kzo <2+COS wk+¢))) N 5.2
n—1 2 n—1 2
- s (2 BRI P J ~ MO
Li.(0) = = kZ:O (a¢sk(0)) = kzoa sin®(wk + ¢) ~ 957
n—1 n—1
1 0 0 1 .
Ini(0) = = 2 (%Sk(e)) <B_¢Sk(0)> =-— kzzoasm(wk + ¢) cos(wk + @) =~ 0
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Example: Estimating Amplitude and Phase

Remarks:

» The Fisher information matrix in this example is (approximately)

n (1 0
1) = 55 [0 a2]
» Clearly 1(0) is positive definite when a > 0.

» Note that, since the observations are i.i.d., I(6) satisfies the additive
information property (as expected).

» We got lucky that the off-diagonal terms are (at least approximately)
equal to zero here. The matrix inverse is easy to compute. This will
not be true in general.
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Example: Amplitude and Phase CRLB

We can compute the inverse of the Fisher information matrix easily:

The CRLB in this is then simply

cov [é(Y)] > 2%2 [(1) agg]

The diagonal elements of cov [é(Y)] reveal the minimum variance for

each parameter: var, [a(Y)] > % and varg [QB(Y)] > 207

jil TL(IQ.
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