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Estimation of Signal Amplitude in Gaussian Noise

Suppose now that we observe
Y, = Osp+ Wy k=0,....,n—1
where s = [sq, ..., 5,_1] is known, W ~ N(0, Xy ), and © ~ N (p,v?).

Note that © is a scalar parameter. As usual, we assume the parameter and
noise are independent.

Let's derive the MMSE/MMAE/MAP Bayesian estimators for the
unknown parameter O...

Worcester Polytechnic Institute D. Richard Brown Il 2/7



ECES531 Screencast 5.6: Linear Gaussian Bayesian Example

Solution Step 1. Write Linear Gaussian Model

We want to write the observations in this form:

Y = Ho+W

Since
Y, =0Os, + Wy fork=0,...,N—1

we can put this into matrix/vector form as follows:

Yo S0 Wo
=] e+ :
Yoo1 Sn—1 Wn-1
—_——  ———
Y H w
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Solution Step 2: Compute Conditional Expectation (1 of

We can use our prior result:
-1
EO|Y =y = po + SeH " (HZ@HT + EW) (y — Huo)
-1
= p+?HT (’U2HHT + EW) (y — Hp)

where we've substituted ¥ = v? and ug = p. The difficult part here is
the matrix inversion. Let's use the matrix inversion lemma again

(A-BD ')y '=A"1+A'B(D-cA'B)lcA™!
With A=Yy, B=H,C=H'",and D = —1/1}2, we have

. 1, n—1 _ T -1
(A—BDC) "= (HYoH' ' +Xw
1 1 —1 Ty-1 - Ty—1
=Xy +E;VH<§_H E;VH) H >y,

Note the quantity to be inverted now is just a scalar.
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Solution Step 2: Compute Conditional Expectation (2 of 2)

Using the result of the matrix inversion lemma, we can write

—1
EO|Y =yl =p+0°H" (2;; — YW H (U—12 + HTE;V1H> HT2;V1> (y — Hpy)

S HHTS,!
277 T —1
=p+v'H (EW_%V:HiTE;[}M}{ (y— Hp)
H 'S HHTS,}
2 Tv—1
s <H W s )

H'S ' H -
=p+ (1 - T%) HTXWI(ZJ—HU)
v2 w

2 LS +H'Sy'H-H'S3'H
= v
a T H S H
Two—
H'SG)
S +HTS,'H

) H'Sy' (y— Hp)
=p+ (y— Hp)

This is the MMSE/MMAE/MAP estimator.
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Solution Step 3: Compute Conditional Covariance

To quantify the performance of our estimator, we can compute
V[0V =y =S — SeH ' (HSeH' +Xy) ' HYe
— 0 —®H' (VHH' +Sw)  Ho?

YAHHTY !
_ 'U2 _ 'UQHT E;Vl _ : w 7}/1/ H'U2
L +HTS,'H

-1 -1
g (HTzle H'SRHHTS H>

L+ HTYSH

2t (EE
=V —v T . gTv—11
L L HTS H

o HT sy H
v\l ey
L+ HTS,'H

1
L+ HTYS H
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Summary and Remarks

R H's71
Ommse(y) = p + 1—W_1
w+H Sy H
1
Ly HTSPH
v2 w

(y — Hp)
MMSE =

If the noise is i.i.d. then Xy = 2] and we have

. LAHT
0 + z - H
mmse (Y) = p U%—i_o'_]-QHTH(y 1)
1
MMSE =
S+ 5H'H

Remarks:
» 02 =0, 12 > o0?
» 02 -0, 02 = c0?
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