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Abstract

In this paper we analyze the performance of fraction-
ally chip sampled linear multi-user detectors for Direct-
Sequence CDMA communication systems. We consider a
general DS-CDMA system model accounting for user asyn-
chronism and frequency selective propagation channels.
Analysisshowsthat FIRlinear detectorswith chip rate sam-
pling cannot perfectly recover N or more usersfor a system
with spreading gain IV in the presence of frequency selec-
tive channel dynamics or user asynchronism. Drawing in-
spiration from fractionally spaced equalization, we propose
the fractionally chip sampled receiver and show that a FIR
linear detector may be able to perfectly recover > N users.

1. Introduction

This paperconsiderghe problemof demodulatingdig-
itally modulatedsignalsin the presenceof multi-access
andmultipathinterferencewith alinearmulti-userdetector
Linearmulti-userdetectorgor DS-CDMA systemsavere-
ceived increasedattentiondueto their advantageof rela-
tively low compleity over the optimal MLSE detectorand
significantlyimproved performanceover the corventional
matchedilter detector

In this paperwe investigatethe advantage®f fractional
chip samplingfor linear multi-userdetectorsproposedn
[6] wherethe samplingperiodof thereceveris somefrac-
tion of the chip durationT,. Fractionallysampledequaliz-
ers(FSEs)or singleuserlineardetectiorhave beenstudied
sincethelate 1960's andtheir desirablepropertieshave led
to severalcommerciabpplicationg8]. Thedocumentead-
vantage®f FSEsincluderobustnesgo timing phaseerrors
[7], the ability to effectively compensatdor more severe
delay distortionthana baudspacedequalizer[1], andthe
existenceof FIR zero-forcing(ZF) solutionsfor datadis-
tortedby a FIR channel[3]. The necessarand sufficient
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conditionsfor the existenceof FIR ZF solutionsfor a (sin-
gle user)FSEcanbe summarizeds

o sufiicientequalizedength,
e subchannedlisparity and
e noadditive channehoise.

This paperexaminessimilar conditionsfor multi-userDS-
CDMA communicatiorsystemsln particulatr we focuson
deriving a length condition necessaryor the existenceof
ZF solutionswhich, in the absenceof noise, perfectly re-
cover the transmittedsymbolsby completelycancelingall
multi-accesandmultipathinterference Thederivedlength
conditionindicatesthat FIR linear detectorswith chip rate
samplingareunableto perfectlyrecover K > N usersin
the presenceof multipath channeldynamicsor userasyn-
chronism.Our necessarjengthconditionalsoimpliesthat
FIR fractionally chip sampledmulti-userdetectoranay be
ableto perfectlyrecovertransmittedsymbolsfrom K > N
users.

Simulationresultsverify the analysisand additionally
demonstratahat fractionally chip sampledmulti-userde-
tectorsmay also provide significant performanceadvan-
tagedin the presencef additive channehoise.

2. Discrete Time System M odel

ConsidetthebasebandsynchronouBS-CDMA system
modelshavn in Figurel. Let N representhe spreading
gaincommonto all usersandassumehe spreadingcodes
areperiodicwith period N. Let ™ (¢) representhe com-
bined systemimpulseresponsef the pulseshapingfilter,
the kt* users (fixed or slowly time varying) channel,and
thereceverinputfilter Thebasebandignalr(t) atthein-
put of the samplemay be written as

K +4o

rt) = > ulph®(t—LTe/P—7")

k=1{=—00
+ /+°° w(A)g(t — A)dA (1)
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Figure 1. DS-CDMA system model.

where ug})P representshe spread(and oversampledyis-

creteinformation bearingsequencef the k** user T, is
thechip duration,r® € [0, NT,) is anarbitrarydelaywith
respectto somereferencew(t) is the aggreate additive
channelnoise,and ¢(t) is the impulseresponsef the re-
ceiverinputfilter. Notethatu(’;) = 0for¢/P ¢ Z where
Z denoteghe setof all integers. The outputof the sampler
maythenbeexpresseas

r(nT./P) =
K +4o
> > ufph® (nT./P —(T./P —7®)
k=1{=—c0
+@(nT./P) (2)

where @ (nT,/P) representshe sampledrecever filtered
aggregjatechannehoise.

Denoting the k** users symbol delay as 7% =
(@® + a*) T,/ P wherea®™ anda® representheinteger
andfractionalnumberof samplesn thedelay respectiely,
we canrewrite (2) as

r(nT./P) =
K +4oo

SN u® m R ((n — €)T,/P — a™T,/P)

k=1{=—o00
+@(nT./P). (3)

Assumingthat h®(t) is FIR with support[0, LT,/ P) for

ke{1,2,...,K} wecanrewrite (3) as
(nT /P) =
Z >oou® wh® (mT./P—a™T,./P)
k=1mem® P

+w(nTe/P) (4)

where

M® ={m:m e Zandm —a™® €[0,L)}.

Note that there are exactly L termsin the inner summa-
tion and apprOX|mater L of thesetermsare zerosince
up/q = 0forp/q ¢ Z.

Given a linear detectorf with Ny < oo taps, (4) en-
ablesus to directly expressthe output of the linear de-
tector in terms of finite dimensionallinear operatorson
a vector of sourcesymbols. The linear detectoroutput
may be expressedas y(n) = f'r(n) wherer(n) =
[rn,rn_l,...,rn_Nerl]T andr, = r(nT./P). In light
of the linear corvolutionin (4), let H* denotethe N, x
N¢ + L — 1 dimensionakorvolution matrix suchthat

K
y(n) =£" |3 H®u® (n) + W(n) (5)

k=1

whereu® (n) is the k** users a®-sampledelayedvec-
tor of (oversampledhiprateinformationconstructedrom

(4). In general H® hasthe Toeplitzform
MR

H® —
WYY hg,

Recognizinghatu® (n) maybeformedfrom alinearcom-
binationsourcesymbols we canrewrite (5) as

K
y(n) = ra [z H(’“)C(")S(’“)(n) + W(n)] (6)
k=1
whereC® is themapfrom the k** users symbolsequence
s®(n) = |8 s, . ..,s(yle(k)_H
eral,C*®) hastheform

=
] tou® (n). Ingen-

c(k)
c®

c® —
c®
c®

where ¢® is a column vector of length NP represent-
ing the k** users (oversampled)spreadingcode. The
expressionsc™ and ¢ denotespreadingcodeswhich
may be upperor lowertruncated respectiely, dueto user
asynchronismand the finite obsenation interval. Finally,
constructinga userorderedstacled sourcevectors(n) =

[T (n),s®7 (n),...,s%7(n)]", we canrewrite (6) as
y(n) = £ [Hs(n) + W (n)] (7)
whereH = [H"C® H®C® HCH],



3. Common Linear Multi-user Detectors

Giventhediscretetime linearmodelin (7) it is straight-
forwardto write expressiongor zero-forcing(ZF) andmin-
imum meansquareerror(MMSE) detectorsinderarbitrary
asynchronismand multipathchannels.We have intention-
ally avoidedderiving the“decorrelating”detectorsinceit is
conventionallydefinedwithout consideratiorfor multipath
interference . The ZF detectormay be viewed asa general-
ized decorrelatingdetectorthat completelycancelsthe ef-
fectsof bothmulti-userandmultipathinterferencg?2].

Givenadesireduserk andsymboldelayd, a ZF detec-
tor is definedasary elementof the set {f fr(n) =
s®(n —6)}. Let@ = Zszl Q™ representhetotal num-
ber of symbolsin the obsenationinterval or, equivalently,
thenumberof columnsin H. The ZF detectorexistsfor all
k andé if andonly if the spanof the columnsof H is all
of R?. SinceH € RYs @ thenthis conditionis equivalent
to requiringthatrank H) = @ or H musthave full column
rank. UnderthisassumptiontheuniqueminimumnormZzZF
lineardetectormaybewritten as

for = (HT)Jr €5

whereey, 5 is a columnvector with all elementsequalto
zeroexceptavalueof onein the positioncorrespondingo
the s®)(n — 4) positionin s(n) andt denoteshe Moore-
Penrosgseudoinerse.

Givenadesireduserk andsymboldelayd, the MMSE
detectoris definedas

foimrse = argmfinE (I£Tr(n) = 5™ (n = 9)%) .

Assumingthatthe sourcesymbolsareBPSKandi.i.d., (7)
leadsto a straightforvard closedform expressionfor the
MMSE detector:

f
frnse = (HHT + Rﬁjﬁj) Hey s

whereR ; is theautocorrelatiormatrix of thereceverfil-
terednoise.

4. System Matrix Dimensional Analysis

This sectionappliesthepreviousdevelopmenbf thedis-
cretetime model to analyzethe effects of linear detector
length (IVy) on the existenceof ZF solutionsfor f. To
be specific,we will requirethat ZF solutionsexist for all
6=0,1,2,...,Q" — 1foreachk € {1,2,...,K}. Since
theseZF detectorsexist if andonly if H hasfull column
rank, we recognizethat a necessargonditionfor full col-
umnrankis thatH mustbe“tall” in the sensethatit must
have atleastasmary rows thancolumns.We notethatthe

tall conditionis not sufficient for full columnrankin the
samesensehat length conditionsare not sufficient for the
existenceof zero-forcingFSEsfor singleuserequalization.

Inspectionof the individual users’sub-systenmatrices
H™®C®™ allows usto expressthe numberof columnsper
useras

Ny+L-1
*) — f B
@ [ NP

wherel® € {0,1} is aterm representinghe effects of
userasynchronisnon H. To beprecise1*) = 1 is equi-
alentto the conditionthatthe k** usercontritutesan addi-
tional columnto the systemmatrix by having anadditional
symbolin theobsenationinterval whencomparedo asyn-
chronizeduser As anexample,Figure2 shows a two user
asynchronouscenariovherel® = 1 and1® = 0. Note
thatthe overlapin the bits is due to multipath channelef-
fectswhenL > 1.

l +1® (8)
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Figure 2. Example of asynchronous users.

In the synchronousasel® = (0 Vk andin the asyn-
chronouscasel™® is afunctionof 7, N, P, L, and N¢.
The exactexpressiorfor 1) is not requiredto developthe
necessariengthcondition.

It follows directly from (8) thatthe“tall” conditionnec-
essanyfor full columnrankmaybe statedas

K
Ny+L—1
> - |+ ),
Ny K[ w ;;:11 9)

We considertheimplicationsof this resultin the following
examples.

5. Examples

1. Considethecornventionalcasewith nomultipath(L =
1), chip-ratesampling(P = 1), andsynchronousisers
(1%® = 0 Vk). If the numberof usersequalsthe
spreadingyain (K = N) then(9) reducego

Ny
> -7
Nf_N[N-‘



whichis satisfiedwhenN; = N (or ary positive inte-

germultiple of N). This agreeswith the well known

resultfor decorrelatingdetectord4] wherethe decor

relatingdetectoiis realizedasa bankof codematched
filters X followed by the inverseof the K x K ma-
trix R of cross-correlationbetweerspreadingcodes,
i.e.,y(n) = R™'Xr(n). SinceR~!X hasdimen-
sionsK x N, it followsthatthedecorrelatingletector
is equivalentto an N-tap, chip-spacedinearfilter for

eachuser If the spreadingcodesarelinearly indepen-
dentthen the decorrelatingdetectorachieses perfect
symbolrecovery andis equivalentto a ZF detector

2. Considerthe previous casewith the addition of mul-
tipath channelg L > 1). Whenthe numberof users
equalsthe spreadingyain (9) reduceso

Ny +L-1
Nsz[%-‘ >N;+L—1>N;

whichimpliesthatno finite valuefor Ny cancauseH
to be tall. The failure to satisfy this necessarcon-
dition implies that FIR ZF detectorsdo not exist for
K = N synchronoususersin the presenceof multi-
pathinterferencewith chip ratesampling.

3. Considerthefirst casewith the additionof userasyn-
chronismsuchthat1® = 1 for atleastoneuser When
the numberof usersequalsthe spreadinggain (9) re-
duceso

Nf K K
() ()

N;>N [WW +3 19 >N+ 1% > Ny

k=1 k=1
which implies that no finite value for Ny cancause
H to betall. Again,thefailureto satisfythis necessary
conditionimpliesthatFIR ZF detectorslo notexist for
K = N asynchronousiserswith chip ratesampling.

4. Considerthe caseof an oversamplingrecever with
P = 2andK = 2N — 1. Note thatthe numberof
usersis greaterthanthe spreadinggain. Assumefur-
therthatthe usersareasynchronousin this case we
canmanipulatg9) to write

K
Ny > (2N -1)(L-147)+2N) 1%
k=1

Nf+L7]. _ Nf+L71 ol
Where[ NP -‘ = ~p— + mp and vy €

{0,1,..., NP — 1}. Obserethatevenfor worstcase
asynchronismiV; is finite for N < co andL < oo.

The next sectionverifiestheseresultswith simulationsand
demonstratesghat, in addition to the aforementionedie-
sirable propertiesin a noiselessscenario,the fractionally
sampledecever mayprovideimprovedperformancen the
presencef additve channehoiseaswell.

6. Simulations

Figure 3 shavs a comparisorbetweenMMSE solutions
for T, and T../2 sampledlinear detectorsin a noiseless,
synchronougommunicatiorscenariovith multipathinter-
ference. To provide a fair comparisonthe channeldelay
spreads fixedat [0, 147,) which impliesthatL = 14 and
L = 28 in the T, andT,/2 sampledsimulations,respec-
tively. The transmitfilter is assumedo have squareroot
raisedcosinespectrumwith excessbandwidthg = 0.2 and
the propagationchannelcoeficients are random. The re-
ceiverinputfilter is anideallow pasdfilter with cutoff %.
Thelength N = 8 spreadingcodesare alsorandom(with
elementsn {—1,+1}). Thelinear detectorlengthin both
casess Ny = 32 which satisfieghelengthconditionin (9)
for theT./2 sampledecever.

1 1 1 1 1 1 1 1

o
)

.8 .8 .8 .8 8 .8 .8

o
o
o

.6 .6 .6 .6 .6 6

MMSE, Tc spaced
2
IS
=
N
I
Iy
=
=

o
N
N

o

. T T .2 T .2 .2 .2 .2 2

Pl ? 0 Kfq) oU%esall o ?@o? 0 0 T@ Ol 4 @f‘(\?
5 0 5 0 5 0 5

user 1 user 2 user 3 user 4 user 5 user 6 user 7 user 8

o
@
o

H
-
-
-
-
-
-
-

MMSE, Tc/2 spaced
o o o
5 o ®
5 o ®
5 o ®
> o o
5 o ®
5 o ®
5 o ®
5 o ®

o
N
N
o
e
N
N
o
o

o

0 0 0 0 0 0 0
50 50 50 50 50 50 50 5
user 1 user 2 user 3 user 4 user 5 user 6 user 7 user 8

o

Figure 3. MMSE by user and delay for T, and T../2
sampled linear detectors. Simulation parameters:
channel support [0,14T,), spreading gain N = 8,
K = 8 equal power users, Ny = 32.

Obsere that the T, /2 sampledlinear detectoris able
to perfectly recover the symbolsof all usersat all delays
implying thatthe linear detectorcompletelycanceledoth
multi-userandmultipathinterferencelnspectiorof thesys-
tem matrix confirmedthat full columnrank was achieved
for the fractionally sampledrecever andthat ZF solutions
exist for all usersat all possibledelays. The T, sampled
detectorexhibits considerablyvorseperformancesincethe
systemmatrix is not full columnrankfor ary finite choice
of Ny whenK = N andL > 1.

Note thatthe MMSE solutionsmay be indexed by user
and delay i.e., MMSE,; = E (|s®(n—6) —y(n)|?)
wherey(n) is the outputof the appropriateMMSE linear
detector We will usethis notationin the next simulation.



Figure 4 is a Monte Carlo comparisorbetween’, and
T./2 sampledlinear detectorsin the presenceof AWGN
with synchronousand asynchronousequal power users.
The asynchronousiserseachhave uniformly distributed
delay over [0, NT,). As in the first simulation, MMSE
is calculatedfor all usersat all possibledelaysbut in
this casethe delay-optimalMMSE, given by MMSE;,- =
mins MMSE; 5, is selectedfor eachuserand then aver-
agedoverall usersand500experiments Thenoisevariance
o2, = 0.1. ThelineardetectodengthN; is variedfrom 2 to

w

100. All otherparameterareasin thefirst simulation.
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Figure 4. Averaged delay-optimal MMSE for T,
(solid lines) and T./2 sampled (dashed lines) lin-
ear detectors with synchronous and asynchronous
equal power users. Simulation parameters: channel
support [0,14T), spreading gain N = 8.

This simulationprovides evidenceindicatingthat 7. /2
sampledreceversmay achieve betterMMSE performance
thanT, sampledeceversin the presencef additive chan-
nel noise,but only for larger valuesof N¢. Therelatively
poor performanceof the fractionally sampledrecever for
smallvaluesof N; is dueto thefactthat, for afixedvalue
of Ny, theobsenationinterval of theT, /2 sampledeceier
is half that of the T, sampledrecever. In this simulation,
valuesof Ny < 42 causetheT,/2 sampledrecever’s ob-
senation interval to not containeven one full bit (includ-
ing multipath)from a synchronousiser Also notethatthis
simulationsuggestshatthe effectsof asynchronisnon av-
erageddelay-optimalMMSE performanceare almostneg-
ligible for bothT, andT, /2 sampledecevers.

7. Conclusions

In this paperwe have explored the conceptof frac-
tional samplingto improve the performancef linear multi-
userdetectordor DS-CDMA communicatiorsystemsThe
analysishas shown that fractionally sampledrecevers of
sufficient lengthsatisfya necessargonditionfor the exis-
tenceof zero-forcingsolutionsunderconditionswhereno
FIR solutionexistsfor chip ratesampledecevers.Further
more,simulationsin the presencef additive channehoise
indicatethat fractionally sampledreceversmay also offer
improvedMMSE performancever chip raterecevers.

The“robustnesgo timing phaseerrorsproperty” of sin-
gleuserFSEswasnotexploredin this paperfor fractionally
samplednulti-userdetectoraandremainsanopenresearch
topic. Necessanandsufficient conditionsfor the existence
of FIR zero-forcingsolutionsn DS-CDMA communication
systemswith arbitrary asynchronismand multipath chan-
nelsarealsoatopic of currentresearch.
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