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Abstract—This paper presents a low-complexity real-time
single-tone phase and frequency estimation technique based on
zero-crossing detection and linear regression. The proposed zero-
crossing phase and frequency estimator fills a gap between low-
complexity phase locked loop estimation and high-performance
maximum likelihood estimation. Similar to a phase locked loop,
the zero-crossing phase and frequency estimator offers low-
complexity sample-by-sample operation appropriate for real-time
applications like distributed transmit beamforming. Numerical
results demonstrate, however, that the proposed technique signif-
icantly exceeds the performance of phase locked loop estimation,
closely tracking the Cramer-Rao lower bound over a wide range
of signal to noise ratios.

I. INTRODUCTION

Distributed transmit beamforming is a technique in which
two or more single-antenna transmitters simultaneously trans-
mit with phase-aligned carriers such that the passband signals
coherently combine at an intended destination. The trans-
mitters in a distributed transmit beamformer form a virtual
antenna array and, in principle, can achieve all of the gains of
a conventional antenna array, e.g. increased range, rate, and/or
energy efficiency, without the size, cost, and complexity of a
conventional antenna array.

Unlike a conventional antenna array, a distributed transmit
beamformer requires precise carrier synchronization among
the transmitters with timing errors significantly smaller than
a carrier period. Several carrier synchronization techniques
have recently been proposed to facilitate distributed transmit
beamforming including full-feedback closed-loop [1], one-
bit closed-loop [2]-[4], master-slave open-loop [5], round-trip
open-loop carrier synchronization [6], [7], and two-way open-
loop carrier synchronization [8]. Each of these techniques has
advantages and disadvantages in particular applications, as
discussed in the survey article [9].

A common feature of several of these techniques is that
the nodes participating in the beamformer must be able to
accurately and quickly estimate the phase and frequency of
one or more sinusoidal beacons received from other nodes in
the network. It is often assumed that the nodes use maximum
likelihood estimators (MLEs) or phase locked loops (PLLs)
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to obtain the necessary phase and frequency estimates. While
the MLE is appealing because of its potential for near-optimal
performance, computation of maximum likelihood estimates
typically requires high computational complexity. The maxi-
mum likelihood estimator is also a batch processing technique
in the sense that the processing begins only after all of the
samples in the observation have been received. The PLL, on
the other hand, is appealing for its low-complexity, sample-
by-sample operation, but tends to provide phase and frequency
estimates with worse performance than the MLE.

This paper presents a new technique for low-complexity
real-time single-tone phase and frequency estimation based
on zero-crossing detection and linear regression. The proposed
technique is similar to the linear regression estimation tech-
niques described in [10] and [11] except that it avoids the com-
putational burden of inverse tangents and phase unwrapping
by only using information contained in the zero-crossings of
the observed signal. The appeal of the proposed zero-crossing
phase and frequency estimator is that it offers low-complexity
sample-by-sample operation similar to a phase locked loop.
Numerical results demonstrate that the proposed technique
also offers near-optimal performance over a wide range of
signal to noise ratios (SNRs).

II. OBSERVATION MODEL

We consider the signal model of [12] with a received signal
given as

z(t) = bexp(j(wt + 0)) + w(t) )]

where b, w, and 6 denote the unknown amplitude, frequency,
and phase of the signal, respectively, and w(t) denotes zero-
mean proper complex additive white Gaussian noise. The re-
ceived signal is sampled at a constant sampling rate f; = 1/T
to produce the discrete-time observation

z[n] = z(to + nT) = bexp(j(w(to + nT) + 0)) + n[n] (2)

forn =0,...,N — 1 where ty denotes the time of the first
sample and 7[n] is a zero-mean proper complex Gaussian
random variable with var{Re(n[k])} = var{Im(n[k])} = o>
and cov{Re(n[k]),Im(n[k])} = 0. It is assumed that n[n]
are independent and identically distributed (i.i.d.) for n =
0,...,N—1.

The N-sample observation of (2) is provided as an input
to a phase and frequency estimator. Depending on the type of
estimator, the computations can be performed in real-time on a
sample-by-sample basis, i.e. as each sample is received, or as
a batch operation on the entire received signal vector after all



of the samples have been received. The phase and frequency
estimates generated by the estimator are denoted as 0 and &,
respectively, and the resulting phase and frequency errors are
denoted as 6 := 60 — 0 and & := w — &, respectively.

III. MAXIMUM LIKELIHOOD PHASE AND FREQUENCY
ESTIMATION

Given a joint density of the observation, the maximum
likelihood estimator seeks to find the value of the unknown
parameter(s) that maximizes the likelihood equation, i.e.

A = argmaxlogpz(z; A)

where pz(z; ) is the joint density of the observation pa-
rameterized by A\. When the observations are i.i.d. Gaussian
distributed, the maximum likelihood estimator possesses three
desirable asymptotic properties as the number of samples
in the observation becomes large: asymptotic unbiasedness,
asymptotic efficiency, and asymptotically Gaussian estimation
errors. In other words, when the number of samples in the
observation becomes large, the joint statistics of the maximum
likelihood phase and frequency estimation errors are approxi-
mately zero-mean Gaussian distributed with covariance given
in (13).

Upon receiving the discrete time observations according to
(2) forn =0,..., N — 1, the maximum likelihood frequency
estimate can be computed as [12]

0 = argmax |A(w)| 3)
where

=N Z n| exp(—jnwT). 4)
Once the maximum likelihood frequency estimate has been
computed, the maximum likelihood phase estimate follows as

0 = angle {exp(—jato)A(@)} . (5)

Computation of (5) requires a four-quadrant arctan operation
which can be achieved with reasonable complexity through the
use of a lookup table. Computation of (3), however, requires
maximization over a multimodal objective function. Simple
single-parameter maximization techniques, e.g. gradient as-
cent, can converge to local maxima if not initialized close
to the solution. This can lead to poor estimation accuracy.
Given the multimodal nature of |A(w)| and recognizing that
the M -point DFT is a sampled version of A(w) at frequencies
w = % for k = 0,...,M — 1, a common approach to
maximum likelihood frequency estimation is to use the fast
Fourier transform (FFT) to efficiently compute A (27£) for
k=0,...,M — 1 and to then select the index k at which
27k

A (W) attains its maximum magnitude, i.e.,

= argmax |A(w)| (6)

2m(M—1 . .
where Q := {0, 2 MT, cee .”(M.T )}. Using an M-pomt FFT
to compute the maximum likelihood frequency estimate, how-
ever, establishes a tradeoff between estimation accuracy and

computational complexity. The achievable estimation accuracy
of the FFT-based maximum likelihood frequency estimator in
(6) depends on the frequency resolution of the M -point FFT,
ie. %, whereas the asymptotic complexity of an M -point
FFT is M log,(M). In low-SNR scenarios, i.e. when #
is small, fine frequency resolution is not necessary because
the performance of the MLE is dominated by noise. In high-
SNR scenarios, however, the performance of the MLE may be
limited by the frequency resolution of the M -point FFT.
Rather than selecting the frequency estimate from a discrete
set as in (6), the FFT magnitude can be interpolated to im-
prove the estimation accuracy. A full sinc interpolation of the
FFT is computationally infeasible, but simpler interpolation
techniques can often be used with acceptable results. For
example, suppose the maxnnum in (6) occurs at FFT index
k. A quadratic fit y = az? 4 bx + ¢ in the neighborhood of
the maximum can be computed given the frequencies z &€

izﬂ(iﬂ_l) 2mk 2”(“1)} and FFT magnitudes y = |A(z)|.

MT > MT> MT
he maximum likelihood frequency estimate can then be
computed using standard calculus techniques as w = ;—f
An additional difficulty with applying the FFT-based MLE
to carrier synchronization in distributed transmit beamforming
systems is that the FFT is a batch operation that requires the
entire observation to be present in order to begin processing.
Hence, a high-resolution FFT may incur significant processing
delay after the conclusion of the observation, leading to
potential drift in open-loop synchronization systems. This is in
contrast to real-time sample-by-sample estimation techniques
such as the phase locked loop and zero-crossing phase and
frequency estimator, described in the following sections.

IV. PLL PHASE AND FREQUENCY ESTIMATION

Phase locked loops (PLLs) are a well-known technique for
synchronizing a local oscillator to an external reference signal
[13]. Although PLLs are not usually considered in the context
of phase and frequency estimation, they can be used as a
computationally efficient method for extracting the phase and
frequency from an observation of a single-tone signal in noise.

A block diagram of a quadrature PLL is shown in Figure 1.
The PLL is composed of three elements: a phase detector, a
loop filter, and a voltage controlled oscillator (VCO). In the
absence of noise, the quadrature phase detector output is

vln] = Kqlm {bexp(j(wnT + 0)) exp(—jgo[n])}
= Kgbsin (Aln])

where Aln] is the phase difference between the input and
feedback signals and K is the phase detector gain parameter.

VCO K, —‘

Quadrature phase locked loop block diagram.
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Fig. 1.



The loop filter serves to suppress noise at the output of
the phase detector. The loop filter is typically parameterized
by its 3dB bandwidth wsqp. Given wsqp, K,, and Ky, the
loop filter can be designed according to the procedures in [13]
such that the PLL has the desired transient and steady-state
characteristics.

The output of the loop filter u[n] is connected to the input of
VCO which generates a complex exponential output y[n] for
feedback to the phase detector at frequency w,[n] = wnom +
K,u[n] where wpom is the nominal frequency of the VCO
in the absence of a control input and K, is the VCO gain
parameter. The VCO phase is then updated according to

Poln + 1] = ¢o[n] + Two[n]

and the feedback y[n + 1] = exp(—jgo[n + 1]) is then
computed and fed back to the phase detector to be multiplied
with the next input sample.

Given an N-sample observation, a frequency estimate can
be obtained from the PLL by simply sampling the frequency
of the VCO after the PLL has locked at the end of the
observation, i.e.

O = wo[N — 1] = wnom + Kou[N —1]. @)
The phase estimate can be computed as
0 =¢o|[N—1]— (N —-1)Té. (8)

In other words, the PLL phase estimate is computed by sub-
tracting the estimated accumulated phase over the observation
(based on the PLL frequency estimate) from the final phase
of the VCO.

When the PLL is locked and A[n] is small such that
sin (A[n]) ~ Aln], the PLL can be analyzed as a linear
system [13]. The discrete-time transfer function relating the
PLL output phase and input phase can then be written as

D,(2) bK K, F(2)L(2)
H = = 9
o) =50 T TR FALE)
where L(z) := % and F'(z) is the discrete-time transfer

function of the loop filter. Similarly, the discrete-time transfer
function relating the PLL output frequency and input phase
can be written as

Do(2) bK K, F(2)
®in(2) 1 +0K4K, F(2)L(2)

These transfer functions can be used to provide analytical
predictions of the PLL phase and frequency estimation per-
formance given a white Gaussian phase input.

The PLL operates on standard feedback control principles
where the desired dynamics can be achieved through proper
selection of the parameters wsqp, K,, and K4. By following
the PLL design procedures in [13], however, it can be shown
that the closed loop transfer function of the PLL depends
only on wsqgp. Intuitively, wsqp is selected to achieve the
desired tradeoff in convergence speed and the amount of
noise passed through to the VCO. As shown by example in
Figure 2, selecting wsqp too low results in poor estimation

H,(z) = (10)

performance because the PLL does not have enough time to
converge. Setting w3qp too high also results in poor estimation
performance because, while the PLL converges quickly, the
noise passed by the loop filter to the input of the VCO
degrades the frequency and phase estimates. In Section VI,
we numerically evaluate the mean squared estimation error
of a third-order PLL with an active PI (proportional-integral)
loop filter [13] as a function of wsqp and SNR.
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Fig. 2.  An example of PLL convergence as a function of the loop filter
bandwidth w3zgp. When w3qp = 0.0lwnom or wzgp = 0.02wnom, the PLL
suppresses the noise but converges too slowly. When wsqp = 0.08wnom, the
PLL converges quickly but lets through excessive noise.

V. ZERO-CROSSING PHASE AND FREQUENCY ESTIMATION

The zero-crossing phase and frequency estimator is based
on the observation that the phase of the signal in (1) is a
first-order polynomial in ¢, i.e. z(t) = bexp(jp(t)) + w(t)
with ¢(t) = wt + 6. The slope and intercept of this line
correspond to the radian frequency and phase of the observed
signal. If L > 2 points on this line can be measured,
ie. {(t1,01),...,(tr,dr)}, then the slope and intercept of
the line can be determined exactly. In the presence of noise,
a linear regression can be performed to find the least-squares
fit for the slope and intercept of the line.

The zero-crossing phase and frequency estimator generates
the time/phase coordinate set {(¢1,¢1),...,(tL,¢r)} by de-
tecting zero crossings in the real and imaginary components
of (2) according to the state machine shown in Figure 3. The
hysteresis parameter v > 0 sets the threshold at which zero
crossings are detected.

To illustrate the principle of operation, consider the example
shown in Figure 4 with hysteresis parameter & = 0.5. Both the
real and imaginary parts of the discrete-time observation in (2)
are plotted. Looking first at the real part of the signal, we see
that the signal begins in state 2 and transitions to state 4 when
n = 2. The signal remains in either state 2 or state 4 until
n = 13, at which point the 4 — 1 state transition triggers the
detection of positive-slope zero crossing. The time of this first
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Fig. 3. State machine implementation of the zero crossing detector. The
variable x[n] denotes either the real or imaginary part of z[n]. A negative-
slope zero crossing is detected on state transitions 1 — 2 and 3 — 2. A
positive-slope zero crossing is detected on state transitions 2 — 1 and 4 — 1.

zero crossing is estimated using a simple linear interpolator
between the last sample in state 2, i.e. n = 11, and the first
sample in state 1, i.e. n = 13. To determine the phase of the
signal at the time of this zero crossing, we note that positive-
slope zero crossings of the real part of the signal must occur
at phase k2m — m/2 for integer k. Similarly, negative-slope
zero crossings of the real part of the signal must occur at
phase k27 + /2 for integer k. Hence, the phase of this first
positive-slope zero crossing is set to —m/2.

The next zero crossing of the real part of the signal is
detected in the 1 — 2 state transition between samples n = 15
and n = 16. The time of this negative-slope zero crossing
is again estimated using a simple linear interpolator and the
phase of this zero crossing is set to /2. Two more zero cross-
ings in the real part of the signal are evident in this example,
resulting in the coordinate set for the real part of the signal of

SR = {(tRh —7T/2), (tRQ,Tr/Z), (th, 371'/2), (tR4, 571'/2)}
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Fig. 4. Real and imaginary parts of a noisy discrete-time observation used
to illustrate the zero-crossing phase and frequency estimator with hysteresis
parameter o = 0.5.

The same process is applied to the imaginary part of
the signal. We note that positive-slope zero crossings of
the imaginary part of the signal must occur at phase k27
for integer k. Similarly, negative-slope zero crossings of the
imaginary part of the signal must occur at phase k27w + 7
for integer k. In the example shown in Figure 4, a total
of five zero crossings are detected in the imaginary part of
the signal. Since the first detected zero crossing has positive
slope, the coordinate set for the imaginary part of the signal is
S[(é) = {(tll, €27T), (tjg, éQﬂ'—l—Tr), (tjg, €2W+2ﬂ), (t]4, 027+
3m), (t1s, €27+ 47)}. Note that this coordinate set is pareme-
terized by the integer parameter ¢ to facilitate alignment with
the coordinate set obtained from the real part of the signal, as
described below.

To compute the phase and frequency estimates, we form the
union of the coordinate sets

S(t) = SpUS;(Y) (1n

and perform a linear regression [14] on S(¢) to determine the
least-squares slope and intercept of the phase line. The slope
and intercept are set to () and 0(¢), respectively. The total
squared error of the linear regression is then

60 = 3" pesp {3 (a0n+00))} —=tall . (12

Note that (11) and (12) should be computed at least over ¢ €
{—1,0,1} to find the value of £ such that £(¢) is minimized.
In other words, the integer parameter ¢ should be selected to
best align the independently obtained phases in the real and
imaginary coordinate sets. It is often the case that the total
squared error is minimized when ¢ = 0, i.e. the coordinate sets
are often naturally aligned. In the example shown in Figure 4,
however, £({) is minimized when ¢ = —1.

A. Real-Time Sample-by-Sample Implementation

Unlike the FFT-based MLE which requires all N samples
of the observation to be present before processing can be-
gin, the zero-crossing phase and frequency estimator can be
implemented on a sample-by-sample basis. Prior to the first
sample of the observation, we initialize the tracking variables
A =B =C =D = FE = 0. Samples are taken until a
zero crossing is detected in the real or imaginary part of the
observation. Upon the detection of a zero crossing, a new
coordinate (t;,¢;) is added to the coordinate set S and the
tracking variables are updated as follows:

A=A+,
B=B+1,
C=C+t,
D =D —t;p;, and
E=F—¢;,.

Note that the D and E tracking variables may need to be
indexed and updated according to the alignment parameter
¢ in order to select the real/imaginary phase alignment that



minimizes the total squared error as discussed above. In any
case, updating the tracking variables requires only a modest
fixed amount of processing per detected zero crossing. As
shown in [14], the least-squares phase and frequency estimates
can be calculated from the tracking variables as

j__bBA-CD
BA—C?
. C, D

Hence, the least-squares phase and frequency estimates of the
zero-crossing estimator can be computed at any time with two
reciprocal operations and eight multiplications.

In practice, it is often the case that the unknown frequency
w will be known within a certain range. In these types of
scenarios, the zero-crossing phase and frequency estimator can
pre-filter the observation to reduce the overall noise variance
while passing the desired frequencies. While adding some
additional computational complexity, the filtering can also be
performed also on a sample-by-sample basis and the order
of the filter can be selected to maintain real-time operation.
Moreover, the phase offset caused by pre-filtering is known
and can be corrected at the output of the zero-crossing phase
and frequency estimator.

VI. NUMERICAL RESULTS

This section presents numerical results comparing the FFT-
based MLE, PLL, and zero-crossing phase and frequency
estimators for different values of M and wsgp. All of the
results in this section assume an observation with N = 1000
samples at fs = 16 kHz. 10000 realizations of the complex
exponential signal and AWGN were generated with fixed
b = 1 and random independent uniformly distributed phase
and frequency centered at 1020 Hz according to

¢ ~U(—m,7) and
w ~ U (27 - 1010, 27 - 1030).

The independent AWGN in each realization was generated
with independent real and imaginary components, each zero
mean, white, and with variance o?2.

The FFT-based MLE, PLL, and zero-crossing phase and
frequency estimation techniques are compared in terms of
their mean squared estimation error. In order to understand
the relative performance of each estimator with respect to
the theoretically achievable performance, we also compute the
Cramer-Rao bound (CRB) [15]. The CRB for the covariance
of the frequency and phase estimates of a complex exponential
in AWGN when both the phase and frequency are unknown
is given as [12]

A7 o? T2N(11% S?) T;\;?I(;FIS%%)
cov { [”’9} } = 2 | —(otR) " n2+2neR+5S 13)
TN(R—52) N(R-357)

where ng := to fs is the index of the first sample, R := (N —
1)/2, S := (N — 1)(2N — 1)/6, and the notation A > B
means that A — B is positive semidefinite.
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Fig. 5. Mean squared frequency estimation error as a function of SNR.
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Fig. 6. Mean squared phase estimation error as a function of SNR.

Figures 5 and 6 show the mean squared frequency and
phase estimation error, respectively, of the FFT-based MLE,
PLL, and zero-crossing phase and frequency estimators as a
function of SNR := 101log;,(b?/(20?)) for three values of
M and three values of wsqg. The FFT-based MLE in these
examples is implemented with quadratic interpolation as dis-
cussed in Section III. The PLL phase and frequency estimator
in these examples uses a phase detector with K; = 1, a
VCO with K, = 10 and wpom = w (no frequency offset),
and a second-order active PI loop filter [13] designed with
several different values of wsqp and converted to discrete-
time using the bilinear transform. The zero-crossing phase
and frequency estimator in these examples uses a hysteresis
parameter o = 0.1 and a 64*" order FIR bandpass input pre-
filter with first stopband below 800 Hz, second stopband above
1250 Hz, and passband between 920 Hz and 1120 Hz designed
using MATLAB’s firls filter design function.



In these examples, the PLLs tend to provide the worst esti-
mation performance of all of the techniques considered except
with respect to the FFT-based MLE at very low SNR. To
understand why this is the case, recall that the PLL frequency
estimate is obtained as @ = wo[N — 1] = wnom + Kou[N — 1]
where u[IN —1] is the final output of the loop filter in Figure 1.
In the locked state with a white Gaussian phase input, (10) can
be used to predict the variance of the frequency estimate as

var(w) = var(¢in) - % /_F |Ho,(¢7)? dB.

The variance of the PLL phase estimate in the locked state
can be predicted similarly. The dotted lines in Figures 5 and 6
show the PLL estimation performance prediction based on the
linear locked PLL model in (9) and (10). The PLL phase and
frequency estimation performance closely tracks the analytical
predictions except at very low SNR (where the small angle
approximation in the linear PLL. model does not hold) and at
very high SNR for the PLL with loop filter bandwidth wsqp =
0.04wpom- The flattening of the MSE curve for the PLL with
w3aB = 0.04wnom at SNR > 40 dB is the result of slow PLL
convergence. In this case, the the transient effects of the PLL
dominate the effects of the noise on the phase and frequency
estimates. Overall, as long as the PLL loop filter bandwidth
is sufficiently wide to allow PLL convergence, narrower loop
filter bandwidths tend to give better performance since the
variances of the phase and frequency estimates are increasing
functions of the loop filter bandwidth.

The FFT-based MLE phase and frequency estimators with
quadratic interpolation tend to perform well when SNR >
—15 dB. At very low SNR, the FFT-based MLE tends to
perform poorly because the desired signal does not emerge
from the noise in the FFT. When M = 216 and —15 < SNR <
60 dB, the FFT-based MLE phase and frequency estimator
closely tracks the CRLB. The effects of limited frequency
resolution in the FFT-based MLE phase and frequency estima-
tors can be seen in the flattening of the phase and frequency
mean squared estimation error curves for M = 2'2 and
M = 2 at higher SNR. Performance in this regime could
be improved with more sophisticated interpolation techniques,
at the expense of additional computational complexity.

The zero-crossing phase and frequency estimator tends to
perform well when SNR > —3 dB, closely tracking the
CRLB for SNR up to 45 dB. High SNR performance can
be further improved by decreasing the hysteresis parameter «,
increasing the sampling rate, and/or using more sophisticated
interpolation techniques to estimate the zero crossing times.
The zero-crossing estimator performs better than all of the
FFT-based MLE estimators at very low SNR and offers
equivalent or better performance than all of the FFT-based
MLE estimators for 0 < SNR < 40 dB. The advantage of the
zero-crossing estimator, however, is that it is able to perform
the necessary computations on a sample-by-sample basis and
requires only a small amount of additional computation at the
end of the observation to produce the necessary phase and
frequency estimates.

VII. CONCLUSION

This paper presented a performance comparison among
three different phase and frequency estimation techniques in
the context of carrier synchronization for distributed transmit
beamforming. We proposed a low-complexity real-time single-
tone phase and frequency estimation technique based on zero-
crossing detection and linear regression. The proposed tech-
nique is similar to the linear regression estimation techniques
described in [10] and [11] except that it avoids the com-
putational burden of inverse tangents and phase unwrapping
by only using information contained in the zero-crossings of
the observed signal. The proposed zero-crossing phase and
frequency estimator offers near-optimal performance over a
wide range of signal-to-noise ratios as well as low-complexity
sample-by-sample operation appropriate for real-time appli-
cations. Numerical results were provided demonstrating that
the proposed technique closely tracks the Cramer-Rao lower
bound over a wide range of signal to noise ratios.
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