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FFT Complexity Analysis: N =1

When N =1, there is nothing to divide into even and odd parts, so we
will just use the DFT. The DFT equation:

N-1
X = 3 alle N for k=01, N1
n=0

When N =1, we have

No multiplies or additions. Hence a one-point DFT/FFT has no MACs.
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FFT Complexity Analysis: N = 2

Two-point FFT computed using radix-2 decimation in time:

X[0] = Xeven[0] + €722 X,04[0] = Xeen[0] + Xoaal0]
X[1] = Xeven[t] + € 7™ Xo441] = Xeven|1] = Xoaal1]
Note that Xcyenlk] and X,gqlk] for k= 0,1 are just one-point FFTs.
Xeven[0] = DFT1{z[0],0} = z[0]
Xoada[0) = DFTy{z[1],0} = z[1]
Xeven[l] = DFT{z[0],1} = z[0]
Xoaa|l] = DFTi{z[1],1} = z[1]

Hence,
X[0] = z[0] + =[1]
X[1] = =z[0] —z[1]

How many MACs in the R2-DIT two-point FFT?
Note that the two-point DFT and FFT are identical. Still no gain.
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ECE4703: Lecture 9
An Observation

Look again at the one-point FFTs:

Xeven[0] = DFT{z[0],0} = z[0]
Xodd[o] = DFTl{x[l], O} = 33[1]
Xeven[l] = DFT{z[0],1} = z[0]
Xodd[l] = DFTl{x[l], 1} = 33[1]

Note that Xeyenl:l] = Xeven[o] and Xodd[l] = Xodd[o]-

This is a consequence of the periodicity of the DFT/FFT. Recall that, in
general, a P-point DFT/FFT satisfies

X[k + (P] = DFTp{{z},k + (P} = X[k]

This property is critical to getting the desired complexity reduction.
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ECEA4703: Lecture 9

FFT Complexity Analysis: N = 4 (part 1)

Four-point FFT computed using radix-2 decimation in time:

X[0] = Xeen[0] + e 72" X,44[0] = Xeven[0] + Xoaa[0]
X[1] = Xeven[1] + e 2™V X 0a[1] = Xeven[1] — jXoaa[1]
X[2] = Xeven[2]+e 77" X04a[2] = Xeven[2] — Xoda[2]
X[8] = Xeven[3]+e 72 X,4a[3] = Xeven[3] + jXoaa[3]

Remarks:
> Xeven[k] and Xoqalk] for k= 0,1,2,3 are all results from two-point FFTs.

> Recall that the two-point DFT/FFT {X[0], X[1]} = FFT2{z[0], z[1]} requires two
MACs to return two values.

> The periodicity of the DFT/FFT implies that

Xeven[2] = Xeven 0]
Xeven[3] = Xeven[1]
Xodd[2] = Xoda[0]
Xodd[3] = Xoda[l]

Hence, we only need to compute: {Xeven[0], Xeven (1]}, {Xoda[0], Xoaa[1]}
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ECEA4703: Lecture 9

FFT Complexity Analysis: N = 4 (part 2)

Four-point FFT computed using radix-2 decimation in time:

X[0] = Xeven[0] + €727 X04[0] = Xeven[0] + Xodal0]
X[1] = Xewen[l] + e V1X 04[1] = Xeven[1] — 5 Xoaall]
X2l = Xewenl2] 4+ e 724X 004[2] = Xeven[2] — Xoaa[2]
X[3] = Xewen[3] + e %31 X 44[3] = Xeven[3] + 5 Xoaal3]

Computation of {Xeven[0], Xeven[1]} = FFT2{z[0], z[2]} requires how many MACs?
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ECEA4703: Lecture 9

FFT Complexity Analysis: N = 4 (part 2)

Four-point FFT computed using radix-2 decimation in time:

X[0] = Xeven[0] + €727 X04[0] = Xeven[0] + Xodal0]
X[1] = Xewen[l] + e V1X 04[1] = Xeven[1] — 5 Xoaall]
X2l = Xewenl2] 4+ e 724X 004[2] = Xeven[2] — Xoaa[2]
X[3] = Xewen[3] + e %31 X 44[3] = Xeven[3] + 5 Xoaal3]

Computation of {Xeven[0], Xeven[1]} = FFT2{z[0], z[2]} requires how many MACs? 2

Computation of {X,44q[0], Xoda[l]} = FFT2{x[1], z[3]} requires how many MACs?
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ECEA4703: Lecture 9

FFT Complexity Analysis: N = 4 (part 2)

Four-point FFT computed using radix-2 decimation in time:

X[0] = Xeven[0] + €727 X04[0] = Xeven[0] + Xodal0]
X[1] = Xewen[l] + e V1X 04[1] = Xeven[1] — 5 Xoaall]
X2l = Xewenl2] 4+ e 724X 004[2] = Xeven[2] — Xoaa[2]
X[3] = Xewen[3] + e %31 X 44[3] = Xeven[3] + 5 Xoaal3]

Computation of {Xecyen[0], Xeven[1]} = FFT2{z[0], z[2]} requires how many MACs? 2
Computation of {X,44q[0], Xoaa[l]} = FFT2{xz[1], z[3]} requires how many MACs? 2

How many more MACs are required to assemble the results into a four-point FFT?
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ECEA4703: Lecture 9

FFT Complexity Analysis: N = 4 (part 2)

Four-point FFT computed using radix-2 decimation in time:

X[0] = Xeven[0] + €727 X04[0] = Xeven[0] + Xodal0]
X[1] = Xewen[l] + e V1X 04[1] = Xeven[1] — 5 Xoaall]
X2l = Xewenl2] 4+ e 724X 004[2] = Xeven[2] — Xoaa[2]
X[3] = Xewen[3] + e %31 X 44[3] = Xeven[3] + 5 Xoaal3]

Computation of {Xeven[0], Xeven[1]} = FFT2{z[0], z[2]} requires how many MACs? 2
Computation of {X,44q[0], Xoaa[l]} = FFT2{xz[1], z[3]} requires how many MACs? 2

How many more MACs are required to assemble the results into a four-point FFT? 4

Hence, the total MACs needed to compute a four-point FFT is 8.
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FFT Complexity Analysis: N = 8

Eight-point FFT computed using radix-2 decimation in time follows the
same accounting:

X[k = Xevenlk] +e 728X gyk]  fork=0,1,...,7

Computation of

{Xeven[0], Xeven[1]; Xeven[2]; Xeven [3]} = FFT4{z[0], z[2], z[4], 2[6]}
requires how many MACs?
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FFT Complexity Analysis: N = 8

Eight-point FFT computed using radix-2 decimation in time follows the
same accounting:

X[k = Xevenlk] +e 728X gyk]  fork=0,1,...,7

Computation of

{Xeven[0], Xeven[1]; Xeven[2]; Xeven [3]} = FFT4{z[0], z[2], z[4], 2[6]}
requires how many MACs? 8

Computation of

{Xodal0], Xoda[1]; Xoda[2], Xoaa[3]} = FFTa{z[1], z[3], z[5], 2[7]} requires
how many MACs?
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FFT Complexity Analysis: N = 8

Eight-point FFT computed using radix-2 decimation in time follows the
same accounting:

X[k = Xevenlk] +e 728X gyk]  fork=0,1,...,7

Computation of

{Xeven[0], Xeven[1]; Xeven[2]; Xeven [3]} = FFT4{z[0], z[2], z[4], 2[6]}
requires how many MACs? 8

Computation of

{Xodd[0], Xoda[1], Xoda[2], Xoad[3]} = FFT4{x[1], z[3], z[5], [7]} requires
how many MACs? 8

How many more MACs are required to assemble the results into an
eight-point FFT?
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FFT Complexity Analysis: N = 8

Eight-point FFT computed using radix-2 decimation in time follows the
same accounting:

X[k = Xevenlk] +e 728X gyk]  fork=0,1,...,7

Computation of

{Xeven[0], Xeven[1]; Xeven[2]; Xeven [3]} = FFT4{z[0], z[2], z[4], 2[6]}
requires how many MACs? 8

Computation of
{X0dd[0], Xoda[1], Xoda[2], Xoaa[3]} = FFT4{z[1], 2[3],x[5], z[7]} requires
how many MACs? 8

How many more MACs are required to assemble the results into an
eight-point FFT? 8

Hence, the total MACs needed to compute an eight-point FFT is 24.
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FFT Complexity Analysis: General N

OPERATION MACs
Computation of N one-point FFTs 0
Assembling % two-point FFTs from N one-point FFTs N
Assembling % four-point FFTs from % two-point FFTs N
Assembling % eight-point FFTs from % four-point FFTs N
Assembling one N-point FFT from two %—point FFTs N

Hence, the total MACs needed to compute an N-point FFT is
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