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Introduction

> In this lecture, we continue our study of unbiased estimators of
non-random parameters under the squared error cost function.

» Squared error: Estimator variance determines performance.

» We seek to find the minimum variance unbiased (MVU) estimator.
» So far, we have two approaches to finding MVU estimators:

1. Rao-Blackwell-Lehmann-Sheffe
2. Guess and check with respect to the Cramer-Rao lower bound

» Both approaches can be difficult, as you've seen.

» A common approach often used in practical implementations: further
restrict our attention to unbiased linear estimators, i.e.

where A € R™™™ is a linear mapping from observations to estimates.
» We now seek to find the "best linear unbiased estimator” (BLUE).
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Best Linear Unbiased Estimator

All possible estimators

BLUE
X

> In general, the BLUE will not be the same as the MVU estimator.

» What can we say about the squared error performance of the BLUE
with respect to the MVU?

» When will BLUE=MVU?

Worcester Polytechnic Institute D. Richard Brown Il 06-April-2011



ECES531 Lecture 10a: Best Linear Unbiased Estimation

Example 1

Suppose we have random observations given by
Y, = 604+W, k=0,...,n—1

where Wy, Hg N(0,0?) with € R. What is the MVU estimator for 67

What is the BLUE estimator for 67
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Example 2

Suppose we have random observations given by

Vi " u0,8) k=0,...,n—1

and we wish to estimate the mean 6 = /2. What is the MVU estimator
for 07

We can confirm that 7T'(y) = maxy is a complete sufficient statistic for
this problem (See Kay |: Example 5.8). Grinding through the RBLS yields

A N +1 N+1
Omvu(y) = WT(?J) = o maxy

Does MVU=BLUE in this case?

How can we find the BLUE?

Worcester Polytechnic Institute D. Richard Brown Il 06-April-2011 5/22



ECES531 Lecture 10a: Best Linear Unbiased Estimation

Finding the BLUE: Problem Setup

Denote the BLUE estimator as fgLye(y) = Ay where A € R"*™_ We wish
to solve

A =arg min trace[cov{AY}] (1)
AERnxm

subject to the constraint that E {AY} =0 for all § € A.
Recall that the trace of a matrix is the sum of its diagonal elements.

Hence, we seek to find the linear unbiased estimator that minimizes the
sum of the variances.
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Finding the BLUE: The Constraint (part 1)

Let's look at the unbiased constraint first. Since A is a constant and
linear, the unbiased constraint can be written as

AE{Y} = 0.
» Example 1: Suppose you have scalar 6 and get observations

Y. R N(6,1) for k=0,...,n — 1. What does the unbiased
constraint imply about A?

» Example 2: Suppose you have scalar 6 and get observations
Y} L U(-0,0) for k =0,...,n— 1. What does the unbiased
constraint imply about A?

Bottom line: Lots of problems make sense in the BLUE context, but not
every problem. You should confirm that it is possible to have an unbiased
linear estimator before proceeeding.

7/22
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Finding the BLUE: The Constraint (part 2)

The unbiased constraint AE{Y'} = 6 can be satisfied if and only if

E{Y} = Hf.

for some known H € R™ ™ with full column rank, i.e. H must have m
linearly independent columns. In other words, E {Y'} must be linear in 6
for some known H with full column rank (H # 0 for scalar parameters).

The proof of this result follows from the fact that there exists a “left
inverse” A € R™*™ of H such that AH = I if and only if H has full
column rank.

> If the left inverse does exist, then the unbiased constraint can be
satisfied since there is at least one A € R™*" such that
AE{Y} = AHO =90.

» If the left inverse does not exist, then the unbiased constraint can't
be satisfied since AE{Y} # 0 for all A € R™*™.
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Examples

Suppose you get observations Y}, R U(01,02) for k=0,...,n—1. Can
we find an H with full column rank such that

E{Y} = H6?

Suppose you get observations Yy, ~ U(61,k02) for k=0,...,n—1. Can
we find an H with full column rank such that

E{Y}=H6?
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Finding the BLUE: The Minimization (part 1)

Recall that we wish to solve

A =arg min trace[cov{AY}] (2)
AeRnxm

subject to the unbiased constraint AH = I. We can compute
cov{AY} =E {[AY _ E(AY)][AY — E(AY)]T}
— AE {[Y _EY)][Y - E(Y)]T} AT

= Acov {Y} AT
= ACAT

where C':= cov {Y'} is the covariance of the observations (assumed to be
known), possibly parameterized by 6.
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Finding the BLUE: The Minimization (part 2)

Now we wish to solve

A=arg min trace (AC'AT) . (3)

ARnxm

subject to the unbiased constraint AH = I. An aside: What would A be if
we didn’t have the constraint?

Recall that the trace of a matrix is the sum of the diagonal elements.
Hence, denoting e; as the i*h standard basis vector, we can write

trace (AC’AT) = Z e] ACATe; = ZaiTC’ai
i i

where a; is the i*" row of the A matrix, i.e.

+
)
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Finding the BLUE: The Minimization (part 3)

Now we wish to solve

A= i TCa;. 4
arg Aéﬁ}gm;az a; (4)

subject to the unbiased constraint AH = I. Note that each element in
this sum can be minimized separately since the first element only
depends on ag, the second element only depends on a1, and so on. These
minimization problems are linked by their constraints, however.

So, for each ¢ = 0,1,...,m — 1, we can instead solve
a; = arg min a; Ca;. (5)
a; ER™

subject to AH = I. How do we solve these sort of problems?
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Finding the BLUE: The Minimization (part 4)

We can solve the i*" subproblem

_ . T
a; = arg min a; Ca;. 6
7 gaieR" 7 T ( )

subject to AH = I by using the Lagrange multiplier method with multiple
constraints.

Let f(a;) = a] Ca; and let g;(a;) = a; h; — 8;; where h; is the 5*® column
of H and d;; is the Kronecker delta function. We wish to minimize f(a;)
subject to the constraints g;j(a;) = 0 for all j. To do this, we solve the
system of equations

Vo fa:) = > AjVa,g;(ai)
j

gj(a;)) =0 Vj
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Finding the BLUE: The Minimization (part 5)

Substituting in for f(a;) and g;(a;), we have

Va,(af Ca;) = Z)\V —6ij)

aiThj — 5@' =0 V]
and doing the gradients yields

QCCLi = Z )\jh]’
J

ajhj—8;=0 Vi
This can be put into a more compact matrix-vector notation as
2Ca; = HA
aiTH = eiT V.

where A € R™ and ¢; is the i*? standard basis vector.
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Finding the BLUE: The Minimization (part 6)

We have

a] H = eZT.
The first equation implies
1
a; = SCTUHA. (7)

We just need to solve for A € R™ by using the constraint.

The constraint equation can be equivalently written as H " a; = e;. Hence,
we can multiply (7) by H' to write

1
H'a;, = §HTC_1H)\ =e;.
The quantity HTC~'H has full rank, hence we can write
A=2H"C1H) ¢
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Finding the BLUE: The Minimization (part 7)

We plug this result back into (7) to get the solution to the i*" subproblem
as

a;=C THH"C1H) te,.
These can be stacked up to write
ad eg (H'C1H)"'HTC!
A= — — (HTc—IH)—lHTc—l
ay e (HTCTH)'HTC!

hence, the BLUE is

OsLue(y) = Ay = (HTCTH)'H O 1y.

This is indeed a linear estimator and it is easy to check that it is unbiased
under our constraint that E[Y] = Hf. To confirm that it achieves the
minimum variance, you would need to take the Hessian (see textbook).
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BLUE Performance

The covariance of the BLUE for can be computed as

covlfeLue(Y)] = E {(éBLUE(Y) — 0)(BeLue(Y) — e)T}
=E{(AY - 0)(AY —0)"}
=E{(AY — AHO)(AY — AH)"}
=AE{(Y —HO)(Y —HO)"} AT
= AE{(Y —E|lY)(Y —E|[y])T} AT
= ACAT
=H"c'H)'H'c'cc'HHTC'H) !
=H"Cc'H)L

Hence

trace cov[éBLUE(Y)]} = trace [(H'C™'H)™].
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RENMES

1. Calculation of the BLUE
OsLue(y) = Ay = (H C'H)'H C™1y

does not require full knowledge of the joint pdf of the observations.
All you need to know is

» the covariance of the observations C' and
» how the mean of the observations relates to the unknown parameter,
i.e. E[Y] = H6.
2. This feature makes the BLUE particularly appealing in practical
scenarios where the joint pdf of the observations may not be known,
but the mean and covariance of the observations is known.

3. There may be significant performance loss, however, in using a linear
estimator.
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Example 2 revisited

Suppose we have random observations given by

Vi " u0,8) k=0,...,n—1

and we wish to estimate the mean 6 = /2. The MVU estimator is

+1

A N
Omvu(y) = N max ¥y

and its variance is

. 2
var {QMVU(y)} = ﬁ

See Kay | Example 5.8 for the details.

Now let's compute the BLUE and see how it's performance compares...

Worcester Polytechnic Institute D. Richard Brown Il 06-April-2011 19 / 22



ECES531 Lecture 10a: Best Linear Unbiased Estimation

Linear Model

If the observations can be written in the linear model form
Y=HO0+W

where H € R™™ is a known “mixing matrix” and W € R" is a zero-mean
noise vector with covariance C' (and otherwise arbitrary pdf), then

OpLue(y) = Ay = (H'CT'H) ' HTC™ly
and
cov|fpLue(Y)] = (HTC~tH)™.
To see this, you just need to show that E[Y] = Hf and cov[Y] = C.

Note that this result holds irrespective of the pdf of W. The noise does
not need to be Gaussian.
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Linear Gaussian Model

If the observations can be written in the linear Gaussian model form
Y=H0+W

where H € R™™ is a known "mixing matrix” and W € R" is distributed
as NV (0,C) then not only do the results on the previous slide still hold, but

éBLUE(y) = éMVU(y)-

See Kay I: Theorem 4.1 (Minimum Variance Unbiased Estimator for the
Linear Model) and Kay I: Section 4.5 (Extension to the Linear Model) for
the derivation of Omvy(y).

Consequence: In this special case, there is no loss of performance when
using the BLUE. The BLUE is also the MVU estimator.
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Conclusions

» Read Kay I: Chapter 6 (especially check out the signal processing
example in Section 6.6)

» Best Linear Unbiased Estimators are important practical estimators:

» Can usually be computed even when the MVU estimator can't.

» Doesn't require full knowledge of the joint pdf of the observations.

» BLUE=MVU in the linear Gaussian model (assumed in lots of
real-world applications)

» Suitable for implementation on DSP or FPGA.

» BLUE is not suitable unless the mean of the observations is linear in
the parameters, i.e. E[Y] = Hf. The whole derivation breaks down if
this condition isn't true.

» It may be possible to transform the observations in some unsuitable
cases, i.e. Z = f(Y) where f is a nonlinear function, to make them
suitable for BLUE such that E[Z] = Hf. See Kay |: Problem 6.5.

» A BLUE may perform significantly worse than an MVU estimator in
some scenarios.
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