ECES531 Homework Assignment Number 10 Solution

Due by 8:50pm on Thursday 20-Apr-2011

Make sure your reasoning and work are clear to receive full credit for each problem.
1. 5 points. Prove that the innovation
YU+14:=Y[(+1]—-H[(+1X[(+1]

is a zero-mean Gaussian random vector uncorrelated with Y[0], ..., Y'[{]. Also prove that the innovation
sequence is white.

Solution: To prove that the innovation sequence is a sequence of Gaussian random vectors, first note

that X[¢+1/] is a linear transformation on Y§ = [Y T[0],...,YT[¢]]T and that Y% is jointly Gaussian.
Since

% _ Y[E+1] | _ e

Yl+1[0= [Y H[(+1]] [X[€+ ! M] =AY,

linear transformation

is also a linear transformation on a Guassian random vector, the innovation sequence is a sequence of
Gaussian random vectors.

So show that the innovations are zero mean, we will first show that
E{Y[(+ 1]V} = H[{ +1)X[¢+1|4).
To see this, we can write
E{Y[(+1] Y5} = E{H[¢+ 1]X[(+ 1] + V[£+1]| Y5}
= H{t+ E{X[¢+1][ Y5} + E{V[+1]| Y5}
=H[{+1)X[(+1]€+0

since ) is irrelevant to V[ + 1] and V is zero mean. This result establishes that the innovation can
be written as

Y[l+1]0=Y[+1]—E{Y[(+1] |V}
Now we can compute the expectation
B(Vie+110) =B(vie+1)-B{vle+1[¥))

—E(Y[t+1]) - E(Y[(+1))
=0

where we used the iterated expectation property of conditional expectations, i.e. E(E(Y|X)) = E(Y).

Now to show the sequence is white, suppose n < £. We can use the fact that the innovations are zero
mean to write

cov{?[e+1|z],?[n+1|n]} :E{?[£+1|€]§7T[n+1|n]}

—E{E{V1+1107TIn+1In]| 35 }}



where we’ve again used the iterated expectation property of conditional expectations. Conditioning on
V@ in the inner expectation causes Y ' [n + 1|n] to become a non-random constant, so we pop it out
of the inner expectation to write

E{E{Pl+ 1107 n+11n] 135} =B{B{PI+ 110135} YT+ 1]n]}.
Let’s look at that inner conditional expectation first.
E{VIe+110155} =BT+ 1 - BYIe+ 1Y} 95}
=B{Y[t+ 1%} - B{B{Y[e+ 1] YA} 25} }
—B{v(e+ 1135} - B{{Yie+ 11105}
=0.

The same approach can be used to show the same result for n > £. So cov {f’[@ +114,Y[n+1| n]} =0
unless n = £, which proves the innovations sequence is white.

Finally, we just need to show that the innovation Y [(+1 | £] is uncorrelated with 5 = [Y T[0],..., Y T[] T.
For notational convenience, let’s let

X =Y[(+1]
and
Z =Y.

The innovation is then ~
Y[(+1]¢ =X —-E{X|Z}.

To show that the innovation is uncorrelated with the past observations, we need to show the correlation
matrix is zero, i.e.

E{(X-E{X|z})ZT}=0.

To see this, we let ux = E[X], uz = E[Z], ¥x,z = cov(X,Z), Xzz = cov(Z,Z), and use the
conditional mean result for jointly Gaussian random vectors to write

E{(X -B{X|2}) 2"} =F { (X —E[X] - £x,25,%(Z - E[Z])) ZT}
=E { (X —px — EX,ZEE)lz(Z - MZ)) ZT}
=E{XZ"} - uxE{Z"} - Sx 23, 3B{22"} + Sx 25, ,nzE{Z"}

=Sxz+ pxpy — pxpy —Sx,25,y (Bz,2 + pzpy) + Xx25, yhzpy
—0.

Hence the innovation Y'[¢ 4+ 1|¢] is uncorrelated with Y5 = [Y T[0],..., Y T[¢]]T.



2. 5 points. Suppose you have a scalar-state, scalar-observation linear time-invariant dynamic model
given by

2fn+ 1] = fafn] + guln]
y[n] = hafn] + v[n]

for n = 0,1,... with f,g,h all non-zero scalars. The process noise u[n| is a zero-mean Gaussian
random process with E[u[m]u[n]] = ¢dm,», with ¢ > 0. The measurement noise v[n] is a zero-mean
Gaussian random process with E[v[m]v[n]] = rd,, », with 7 > 0 and is assumed to be uncorrelated with
{u[0], u[1],...}. Write the Kalman filter recursion and determine limy_, o, X[+ 1 |¢] and limy_, X[£ |4],
i.e. the steady-state prediction and estimation covariances. Interpret your results.

Solution: In the limit, if it exists, the prediction ECMs and estimation ECMs converge to constants
such that S[{ + 1|/ =X[¢|¢—1] =p and X[¢|¢] = X[¢ — 1|£ — 1] = s. Using this notation, we can
write the KF recursion for the ECMs in steady state as

p=f*s+g%q
s=p—hK[lp

with

K[| =x[¢|¢—1HT (HS[(|t—1H +R)™
Y[ L1
TR =1+
_
R+

Plugging this back into the KF recursion for the error covariance matrices, we have

p=f*s+dq
p  rpr'p
h2p+r  Rh2p+r  p+r’

s=p
where ¢’ := g?q and ' := r/h?. These two equations can be combined to write

_2Tp /
p—fp+w+m

This can be rearranged to write
PP+ = = )p—gr =0

We can use the quadratic equation to solve for p. The solutions for p are then

(= + 2+ ) (' + 2+ ) + A
5 .

Note that the discriminant is positive, so there will be two distinct real roots. The square root of the
discriminant is also larger than |7’ — 2’ — ¢, so the unique positive root is then

(' + 2+ ¢) + V(7 4 P+ d)? 4 A
2

As a sanity check, let’s let the measurement noise variance go to zero, i.e. 7’ — 0. In this case, we have

This makes sense because the variance of the prediction error is equal to the process noise variance.



We can use the same process for the estimator error variance to write

_ s )
(s )+
This can be rearranged to write

f282 4 (7‘/ _ fQT/ 4 q/)s _ q/r' —0.

We can use the quadratic equation to solve for s. The unique positive solution for s is then

(=4 2 =)+ (= + [P =)+ 4f%

212
If we perform the same sanity check,
. —q +q
M= T =0

This makes sense since, in the absence of measurement noise, the state estimation error should be zero.

As a final check, you can confirm that p = f2s 4+ ¢’. It turns out that the discriminant for p is the
same as the discriminant for s, and once you show this then it is easy to see that p = f2s + ¢'.

For these limits to exist, we need h # 0, otherwise the observations are just measurement noise and
don’t tell us anything about the state. When the observations tell us nothing about the state, the
prediction and estimation errors can blow up. The Kalman gain also goes to zero, which says that the
observations are useless.



3. 5 points. Kay I: Problem 13.10

Solution: In this problem, the state X[n] = A is not dynamic. As discussed in lecture, this means we
don’t need to generate predictions anymore and the KF recursion can be simplified to

K[l = S[¢—1H (HS(—1H +R)"
X[ = X[e—1]+K[( (Y[e] —HX[( - 1])
[ = S[¢—-1]-K[{HZ[l - 1]
with X[-1] = 0, £[-1] = 04, H = 1, and R = ¢2. Since everything is scalar, the Kalman gain is
K[ = % and the recursion can be simplified to
X[ = X[¢—1)+ % (Y[é] ~X[— 1])
s~ e S20-1 S[e— 10

1| — = .
T Tl > T g
Let’s look at the evolution of X[¢] (the minimum MSE) first. Starting with X[—1] = 0%, we see that

0?4 o?

=[] = o4 + 02

G G

- 20% + 02
0% o?

- 302 + o2

o]

%2

2 2
E[ﬂ—l]:L forall £ =1,2,....

foi + 02

So now we have an explicit expression for the variance of the estimate at each time step and we see
that it is decreasing in ¢ as we should expect.

Now let’s look at the evolution of X [¢]. We can compute the Kalman gain explicitly as

-1 2
K= U A
Ll—-1]4+02 ({+1)o5 +0?
hence
2
M= X[0—1]+—24 —XJ—
X=Xl -0+ 5 2 (Y[ﬁ] X 1])
o’ . o’
—(1-———2A ) X/—-14+—"4 v
( (£+1)o§,+02> [ ]+(£+1)a§,+a2 4
=all —1X[( — 1]+ bl¢ —1]Z[¢ —1]
where Z[¢ — 1] := Y[¢]. Written in this form, you should recognize that this is a discrete-time, linear,

time-varying state update equation. Given an initial condition X [-1] = 0, it has a unique solution.
As shown in ECE504 (and adapting the notation to this problem), the solution to this LTV system is

—1
X[0) = e, -X[-1]+ > ®[¢,k+ 1]b[k]Z[K]
k=-—1
where
undefined m<n
®lm,n]l: =<1 m=mn

alm —1la[m —2]---aln] m>n



is the discrete-time state transition matrix. Since X[—1] = 0, we just need to work on

-1
X[ = > [ k+ 1KY [k + 1]
k=-1
= (a[t —1]---a[0])b[-1]Y[0] + (a[¢ — 1] -- - a[1])B[O]Y[1] + (a[¢ — 1] - - a[2])b[1]Y[2] 4 - --
+all —1]b[¢ — 2)Y [¢ — 1] + b[¢ — 1]Y[¢]
Note that l0? )
o4 +o
e e
and )
=2 = i
hence )
all — 1t -2/ = —ZTA _p[r—

Hence, each product
all —1]---alm]blm — 1] = b[¢ — 1]

and the estimator can be simplified to

4
X[ =blt—11) Y[k

2 o2
o4t 7

where Y is the sample mean (with £+ 1 samples). This can be confirmed to agree with the conditional

mean (the Bayesian MMSE estimate).
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10 points. Kay I: Problem 13.11. To clarify what I am expecting here, I would like you to write some
Matlab/Octave code to run the KF over lots of realizations of the process noise and measurement
noise, generate Monte-Carlo results for the MSE, and compare the Monte-Carlo MSE results to the
error covariance matrices (actually scalars in this problem). You can also use your results from Problem
2 to confirm your KF is working correctly in part (b).

Solution: Here is my code (you change line 40 for parts a, b, and ¢).

% ECE531 HW10 problem 4
% DRB 13-Apr-2011

N = 51; /% number of states to generate (n=0,dots,N-1)
mu_s = 0; % mean of initial state (Kay notation)

sig2_s = 1; % wvariance of initial state (Kay notation)

a = 0.9; % state update parameter (Kay notation)

sig2_u = 1; /% wvariance of process noise

iterations = 5000; % number of iterations for Monte-Carlo averaging

% Kay’s scalar-state, scalar-observation dynamical model

F a; state update matriz

G = 1; input matric

H=1; output matriz

Q = sig2_u; process nmoise wvariance
X = zeros(1,N); states

Xp = zeros(1,N);
Xe = zeros(1,N);
Sp = zeros(1,N);

predictions
estimates
prediction ECM

Se = zeros(1,N); estimation ECM
Ee = zeros(iterations,N); actual squared estimation error
Ep = zeros(iterations ,N); actual squared prediction error

BN NI I I I N NN

K = zeros(1,N); kalman gain

% initialize the KF

Xp (1) = mu_s; % this ts Xhat[O0 | -1]
Sp(1) = sig2_s; % this is SigmalO | -1]

for i=1:iterations,

% generate initial state

X(1) = sqrt(sig2_s)*randn+mu_s; % initial state
Ep(i,1) = (Xp(1)-X(1))"2; % squared prediction error

for n=1:N, % sample indezx

R = (1.1)"(n+1); % wvariance of measurement noise
V = sqrt(R)*randn; / measurement noise realization

Y(n) = H*X(n)+V;

% KALMAN FILTER (5 steps as shown in lecture)

K(n) = Sp(n)*H’*inv (H*Sp(n)*H’+R); Kalman gain

Xe(n) = Xp(n)+K(n)*(Y(n)-H*Xp(n)); estimate

Ee(i,n) = (Xe(n)-X(n))"~2; squared estimation error
Se(n) = Sp(n) - K(n)*H*Sp(n); ECM of estimate

BN

if n<N,
U = sqrt(sig2_u)*randn;
X(n+1) = F*X(n)+Gx*U;
Xp(n+1) = Fx*Xe(n);
Ep(i,n+1) = (Xp(n+1)-X(n+1))"2;
Sp(n+1) = FxSe(n)*F’+Q;
end

process moise

update state (dynamical model)
prediction

squared prediction error

ECM of prediction

BN

end
end

figure (1)



plot(0:N-1,Xp,’-+’,0:N-1,Xe,’-s’,0:N-1,X,’-0");
xlabel (’sample index’);
ylabel (’signal level’);

legend (’predicted state’,’estimated state’,’true state’);
figure (2)

plot (0:N-1,mean(Ep),’-+’,0:N-1,mean(Ee),’-s’);

hold on

plot (0:N-1,8p,’--?,0:N-1,8e,’--7);

hold off

xlabel (’sample index’);
ylabel (’MSE’);

legend (’predicted state,(monte-carlo)’,’estimated state,(monte-carlo)’,...
’prediction ECM’,’estimation ECM’ );
figure (3)

plot (0:N-1,K);
xlabel (’sample index’);
ylabel (’Kalman,Gain’);

In part (a), we have an example output shown in Figure 1, the Kalman gain shown in Figure 2, and
the MSE of the predictions and estimates shown in Figure 3. We see that the Kalman gain goes to
one because the observations become less noisy and the estimates get better as time progresses. We
also see the estimation error variance goes to zero as time progresses (but the prediction error variance
doesn’t go to zero because the process noise is not vanishing like the measurement noise).

In part (b), we have an example output shown in Figure 4, the Kalman gain shown in Figure 5, and
the MSE of the predictions and estimates shown in Figure 6. In this case the measurement noise is
stationary (i.i.d.), so the Kalman gain quickly converges to a value between zero and one to balance
the prediction and the innovation. We can also confirm our results are correct in part (b) by using our
results from Problem 2 above. Problem 2 says our steady-state prediction error should go to

(= + 2+ d) + V(4 P+ d)? 4 4
2

where 7/ = r/h? =1, f = a = 0.9, and ¢ = 02 = 1. Plugging these values in, we have p = 1.4839.
Similarly, problem 2 says our steady-state estimation error should go to

B (—T/ —I—fQT’/ _q/) 4 \/(—’I“/—l-fQT’ _ q/)2 +4f2qlrl
= 2f2 .

and plugging in the values for part (b) gives us s = 0.5974. Both of these values agree with what we
see in Figure 6, which is nice.

In part (c), we have an example output shown in Figure 7, the Kalman gain shown in Figure 8,
and the MSE of the predictions and estimates shown in Figure 9. In this case, the measurement
noise is blowing up as time progresses and we see that the Kalman gain is going to zero because new
observations are becoming less reliable. We also see that both the prediction and estimation MSEs
are blowing up. Intuitively, this is because the state is moving around and we are getting fuzzier and
fuzzier measurements of it.



signal level

Kalman Gain

I I
—+— predicted state
—&— estimated state
—6— true state

0.95

0.9

0.85

0.8

0.75

0.7

0.65

0.6

0.55
0

10 15 20 25 30 35 40 45 50
sample index

Figure 1: Example output for Kay 13.11 part (a)
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Figure 2: Kalman gain for Kay 13.11 part (a)
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Figure 3: MSE for Kay 13.11 part (a)

=

—&— estimated state
—O6— true state

I I
—+— predicted state 7

-4 | | | | | | | | |

0 5 10 15 20 25 30 35 40 45 50
sample index

Figure 4: Example output for Kay 13.11 part (b)
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Figure 5: Kalman gain for Kay 13.11 part (b)
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Figure 6: MSE for Kay 13.11 part (b)
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Figure 7: Example output for Kay 13.11 part (c)
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Figure 8: Kalman gain for Kay 13.11 part (c)
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Figure 9: MSE for Kay 13.11 part (c)
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