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Abstract

In this paper we analyze the performance of fraction-
ally chip sampled linear multi-user detectors for Direct-
Sequence CDMA communication systems. We consider a
general DS-CDMA system model accounting for user asyn-
chronism and frequency selective propagation channels.
Analysis shows that FIR linear detectors with chip rate sam-
pling cannot perfectly recover

�
or more users for a system

with spreading gain
�

in the presence of frequency selec-
tive channel dynamics or user asynchronism. Drawing in-
spiration from fractionally spaced equalization, we propose
the fractionally chip sampled receiver and show that a FIR
linear detector may be able to perfectly recover � � users.

1. Introduction

This paperconsidersthe problemof demodulatingdig-
itally modulatedsignals in the presenceof multi-access
andmultipathinterferencewith a linearmulti-userdetector.
Linearmulti-userdetectorsfor DS-CDMA systemshavere-
ceived increasedattentiondueto their advantagesof rela-
tively low complexity over theoptimalMLSE detectorand
significantly improved performanceover the conventional
matchedfilter detector.

In this paperwe investigatetheadvantagesof fractional
chip samplingfor linear multi-userdetectorsproposedin
[6] wherethesamplingperiodof thereceiver is somefrac-
tion of thechip duration ��� . Fractionallysampledequaliz-
ers(FSEs)for singleuserlineardetectionhavebeenstudied
sincethelate1960’sandtheir desirablepropertieshave led
toseveralcommercialapplications[8]. Thedocumentedad-
vantagesof FSEsincluderobustnessto timing phaseerrors
[7], the ability to effectively compensatefor more severe
delaydistortion thana baudspacedequalizer[1], and the
existenceof FIR zero-forcing(ZF) solutionsfor datadis-
tortedby a FIR channel[3]. The necessaryandsufficient�
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conditionsfor theexistenceof FIR ZF solutionsfor a (sin-
gleuser)FSEcanbesummarizedas� sufficientequalizerlength,� subchanneldisparity, and� no additivechannelnoise.

This paperexaminessimilar conditionsfor multi-userDS-
CDMA communicationsystems.In particular, we focuson
deriving a lengthcondition necessaryfor the existenceof
ZF solutionswhich, in the absenceof noise,perfectly re-
cover the transmittedsymbolsby completelycancelingall
multi-accessandmultipathinterference.Thederivedlength
conditionindicatesthatFIR lineardetectorswith chip rate
samplingareunableto perfectlyrecover �	� � usersin
the presenceof multipathchanneldynamicsor userasyn-
chronism.Our necessarylengthconditionalsoimpliesthat
FIR fractionallychip sampledmulti-userdetectorsmaybe
ableto perfectlyrecover transmittedsymbolsfrom �
� �
users.

Simulation resultsverify the analysisand additionally
demonstratethat fractionally chip sampledmulti-userde-
tectorsmay also provide significant performanceadvan-
tagesin thepresenceof additivechannelnoise.

2. Discrete Time System Model

ConsiderthebasebandasynchronousDS-CDMA system
modelshown in Figure1. Let

�
representthe spreading

gain commonto all usersandassumethe spreadingcodes
areperiodicwith period

�
. Let ������������ representthecom-

binedsystemimpulseresponseof the pulseshapingfilter,
the ����� user’s (fixed or slowly time varying) channel,and
thereceiver input filter Thebasebandsignal ������� at thein-
put of thesamplermaybewrittenas

��������� � !#"%$ &(' ) "+* '-, ���.�)0/.1 � ���.� ���3254#� �7698 2-: ���.� �;=< &%'* '?> �A@B��C3���D2E@B�0F�@ (1)
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where , �a���)0/71 representsthe spread(and oversampled)dis-

creteinformation bearingsequenceof the � ��� user, ��� is
thechipduration,:����.�+�E� �g� � ����� is anarbitrarydelaywith
respectto somereference,> ����� is the aggregateadditive
channelnoise,and C3����� is the impulseresponseof the re-
ceiver input filter. Note that , ���.�)0/.1 ��� for 4 6_8
6�E� where� denotesthesetof all integers.Theoutputof thesampler
maythenbeexpressedas��������� 6_8 �o�� !�"3$ &(' ) "+* '-, ���.�)0/.1 � ���.� ������� 6_8 254#��� 6_8 25: �a��� �;��> ����� ��6_8 � (2)

where
�> ����� ��6_8 � representsthe sampledreceiver filtered

aggregatechannelnoise.
Denoting the � ��� user’s symbol delay as :����.����������.� ;�� ���.������� 6_8 where������� and

� �a��� representtheinteger
andfractionalnumberof samplesin thedelay, respectively,
wecanrewrite (2) as������� ��6_8 �o�� !�"3$ &(' ) "+* '5, ���.��T�M� �a���� � ���.� ������254���� ��6_8 2 � ���.� � ��6_8 �;��> ������� 6_8 �#� (3)

Assumingthat ����.�0����� is FIR with support � ���7�o��� 6_8 � for���-�M�M�7 ��¡�¡�����.�£¢ wecanrewrite (3) as������� ��6_8 �o�� !�"%$  ¤¦¥|§ ���.� , �a���¨ �|©+�M� �a���� � ���.� ��ª�� �7698 2 � ����� � �7698 �;��> ������� 6_8 � (4)

where« �a��� �¬��ª®|ª®��� and ª¯2 � �a��� �°� �g�.�±��¢o�
Note that thereare exactly � terms in the inner summa-
tion andapproximately

1 *�$1 of thesetermsarezerosince,�² /�³ �´� for µ 6_¶·6�¸� .
Given a linear detector ¹ with

�»º½¼¿¾
taps, (4) en-

ablesus to directly expressthe output of the linear de-
tector in terms of finite dimensionallinear operatorson
a vector of sourcesymbols. The linear detectoroutput
may be expressedas À����(�Á� ¹yÂ+Ã����(� where Ã����(�Á�Ä ��Å��.��Å *�$ ���¡�¡�¡����Å *BÆDÇ & $�È Â and �ÉÅÊ�Ë������� �#6_8 � . In light
of the linear convolution in (4), let ÌÍ���.� denotethe

�»ºÏÎ�»º ; �°2=� dimensionalconvolutionmatrix suchthatÀ����(�o�´¹ ÂÑÐ � !�"3$ Ì �a���ÓÒD���.� ���(� ; �Ô ���(�ÖÕ (5)

where Ò ���������(� is the � ��� user’s ������� -sampledelayedvec-
tor of (oversampled)chiprateinformationconstructedfrom
(4). In general,Ì ����� hastheToeplitzform

Ì �a��� �Ø×ÙÚ � ���.�Û � �a���$ �¡���Ü� ���.�Ý*�$
. . .

. . .� �����Û � �a���$ �¡�¡�Þ� ���.�Ý*�$�ßaàá �
Recognizingthat Ò �a���0���(� maybeformedfrom alinearcom-
binationsourcesymbols,we canrewrite (5) asÀ���(�o�â¹ Â½Ð � !�"%$ Ì �����Öãk�åä���æ_����� ���(� ; �Ô ���(� Õ (6)

whereã ���.� is themapfrom the ����� user’ssymbolsequenceæ �a�������(�o�èçIé_�a���Å ��é �����Å *�$ �¡�¡���¡��é �a���Å *Bê �a��� & $7ë Â to Ò ���������(� . In gen-

eral, ã ���.� hastheform

ãk���.� � ×ÙÙÙÙÙÚ
ì ���.� ì �a���

. . . ì ����� ì ���.� ßaàààààá �
where ì �a��� is a column vector of length

� 8 represent-
ing the � ��� user’s (oversampled)spreadingcode. The
expressionsì �a��� and ì ���.� denotespreadingcodeswhich
may be upperor lower-truncated,respectively, dueto user
asynchronismand the finite observation interval. Finally,
constructinga user-orderedstacked sourcevector æ ���(�·�� æ �aíA�ïî3���(��� æ �ïí��ðî3���(�����¡���¡� æ ��ñ��ðî3���(��ò Â , we canrewrite (6) asÀ����(�o�´¹ Â � Ì æ ���(� ; �Ô ���(�Tò (7)

whereÌË��� ÌÍ�ïí�� ã �ïí��ØÌÍ��óÖ� ã �åóT� �¡�¡�	ÌÍ�añ�� ã ��ñ��Óò .



3. Common Linear Multi-user Detectors

Giventhediscretetime linearmodelin (7) it is straight-
forwardto write expressionsfor zero-forcing(ZF) andmin-
imummeansquareerror(MMSE) detectorsunderarbitrary
asynchronismandmultipathchannels.We have intention-
ally avoidedderiving the“decorrelating”detectorsinceit is
conventionallydefinedwithout considerationfor multipath
interference.TheZF detectormaybeviewedasa general-
ized decorrelatingdetectorthat completelycancelsthe ef-
fectsof bothmulti-userandmultipathinterference[2].

Givena desireduser � andsymboldelay ô , a ZF detec-
tor is definedasany elementof the set �y¹Þõ¹ Â Ã����(�ö�éy�a�������¸2Eô9��¢ . Let ÷ø�¬ù �!�"%$ ÷u���.� representthetotal num-
berof symbolsin the observation interval or, equivalently,
thenumberof columnsin Ì . TheZF detectorexistsfor all� and ô if andonly if thespanof thecolumnsof ÌúÂ is all
of û ê . SinceÌ���û ÆDÇ�ü�ê thenthisconditionis equivalent
to requiringthatrank�AÌú���ý÷ or Ì musthave full column
rank.Underthisassumption,theuniqueminimumnormZF
lineardetectormaybewrittenas¹�þ|ÿö���AÌ Â������ !	� 

where � !�� 
 is a column vector with all elementsequalto
zeroexcepta valueof onein thepositioncorrespondingto
the é_���.�����Í2Êô9� positionin æ ���(� and � denotesthe Moore-
Penrosepseudoinverse.

Givena desireduser � andsymboldelay ô , the MMSE
detectoris definedas¹�������ö� arg �������� ��� ¹ Â Ã����(�+2Eé ����� ����2°ô9� � � � �
Assumingthat thesourcesymbolsareBPSKandi.i.d., (7)
leadsto a straightforward closedform expressionfor the
MMSE detector:¹ ������� � �ÉÌÏÌ Â ;"!$#% #%'& � Ì � !�� 

where

! #% #% is theautocorrelationmatrixof thereceiverfil-
terednoise.

4. System Matrix Dimensional Analysis

Thissectionappliesthepreviousdevelopmentof thedis-
cretetime model to analyzethe effects of linear detector
length (

� º
) on the existenceof ZF solutionsfor ¹ . To

be specific,we will requirethat ZF solutionsexist for allô �¬�g�¡�M�7 ����ï�ð�ð�7÷u�a���B2â� for each�ú�w�M�M�7 ��¡�¡�����.�£¢ . Since
theseZF detectorsexist if andonly if Ì hasfull column
rank,we recognizethat a necessaryconditionfor full col-
umnrank is that Ì mustbe“tall” in thesensethat it must
have at leastasmany rows thancolumns.We notethat the

tall condition is not sufficient for full column rank in the
samesensethat lengthconditionsarenot sufficient for the
existenceof zero-forcingFSEsfor singleuserequalization.

Inspectionof the individual users’sub-systemmatricesÌ ���.� ã ���.� allows us to expressthe numberof columnsper
useras ÷ �a��� �)( � º ; �°2w�� 8 * ; � ���.� (8)

where �y���.��� �É�����9¢ is a term representingthe effects of
userasynchronismon Ì . To beprecise,�_�����o�õ� is equiv-
alentto theconditionthat the � ��� usercontributesanaddi-
tional columnto thesystemmatrix by having anadditional
symbolin theobservationinterval whencomparedto asyn-
chronizeduser. As anexample,Figure2 shows a two user
asynchronousscenariowhere �y�ïí��±�¯� and �y�åóT� �}� . Note
that the overlapin the bits is dueto multipathchannelef-
fectswhen �,+Ñ� .

Observation Interval
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In the synchronouscase �y���.�u�è�?>�� and in the asyn-

chronouscase�_����� is a functionof :��a��� , � , 8 , � , and
� º

.
Theexactexpressionfor �y�a��� is not requiredto developthe
necessarylengthcondition.

It followsdirectly from (8) thatthe“tall” conditionnec-
essaryfor full columnrankmaybestatedas� º �=� ( � º ; �°2=�� 8 * ; � !�"%$ � �a��� � (9)

We considertheimplicationsof this resultin thefollowing
examples.

5. Examples

1. Considertheconventionalcasewith nomultipath( �£�� ), chip-ratesampling( 8 �½� ), andsynchronoususers
( �y���.�-�	�@>�� ). If the numberof usersequalsthe
spreadinggain( �®� � ) then(9) reducesto�»º � � ( � º� *



which is satisfiedwhen
�»º � � (or any positive inte-

ger multiple of
�

). This agreeswith the well known
resultfor decorrelatingdetectors[4] wherethedecor-
relatingdetectoris realizedasa bankof codematched
filters A followed by the inverseof the � Î � ma-
trix
!

of cross-correlationsbetweenspreadingcodes,
i.e., B����(�5� ! *�$ A�Ã����(� . Since

! *�$ A hasdimen-
sions� Î��

, it followsthatthedecorrelatingdetector
is equivalentto an

�
-tap,chip-spaced,linearfilter for

eachuser. If thespreadingcodesarelinearly indepen-
dent then the decorrelatingdetectorachieves perfect
symbolrecoveryandis equivalentto a ZF detector.

2. Considerthe previous casewith the additionof mul-
tipath channels( ��+®� ). Whenthe numberof users
equalsthespreadinggain(9) reducesto� º � � ( � º ; �°2=�� * � � º ; �°2=�C+ � º
which impliesthatno finite valuefor

� º
cancauseÌ

to be tall. The failure to satisfy this necessarycon-
dition implies that FIR ZF detectorsdo not exist for� � �

synchronoususersin the presenceof multi-
pathinterferencewith chip ratesampling.

3. Considerthefirst casewith theadditionof userasyn-
chronismsuchthat �y�a�����ø� for at leastoneuser. When
the numberof usersequalsthe spreadinggain (9) re-
ducesto� º � � ( � º� * ; � !#"%$ � ����� � � º ; � !�"3$ � ����� + � º
which implies that no finite value for

� º
can causeÌ to betall. Again,thefailureto satisfythisnecessary

conditionimpliesthatFIR ZF detectorsdonotexist for�®� � asynchronoususerswith chip ratesampling.

4. Considerthe caseof an oversamplingreceiver with8 �è  and � �Ë  � 2 � . Note that the numberof
usersis greaterthanthe spreadinggain. Assumefur-
ther that the usersareasynchronous.In this case,we
canmanipulate(9) to write�»º �Ñ�A  � 2=�É�¡���°2=� ;ED � ;   � � !�"%$ � ���.�
where F Æ Ç & Ý*�$Æ 1 G � Æ Ç & Ý*�$Æ 1 ; HÆ 1 and

D ��É�g�¡�|���¡����� � 8 2w�|¢ . Observe thatevenfor worstcase
asynchronism,

� º
is finite for

� ¼â¾
and � ¼´¾ .

Thenext sectionverifiestheseresultswith simulationsand
demonstratesthat, in addition to the aforementionedde-
sirablepropertiesin a noiselessscenario,the fractionally
sampledreceivermayprovideimprovedperformancein the
presenceof additivechannelnoiseaswell.

6. Simulations

Figure3 shows a comparisonbetweenMMSE solutions
for � � and � �76   sampledlinear detectorsin a noiseless,
synchronouscommunicationscenariowith multipathinter-
ference. To provide a fair comparison,the channeldelay
spreadis fixedat � �g�¡��IM� � � which implies that � � ��I and� �è KJ in the ��� and ��� 6   sampledsimulations,respec-
tively. The transmitfilter is assumedto have squareroot
raisedcosinespectrumwith excessbandwidthL5� ���å  and
the propagationchannelcoefficientsare random. The re-
ceiver input filter is anideal low passfilter with cutoff

1�NM;O .The length
� ��J spreadingcodesarealsorandom(with

elementsin � 2 �|� ; �|¢ ). The linear detectorlengthin both
casesis

�»º �QP   which satisfiesthelengthconditionin (9)
for the � �76   sampledreceiver.
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Observe that the � ��6   sampledlinear detectoris able

to perfectly recover the symbolsof all usersat all delays
implying that the lineardetectorcompletelycanceledboth
multi-userandmultipathinterference.Inspectionof thesys-
tem matrix confirmedthat full columnrank wasachieved
for the fractionallysampledreceiver andthatZF solutions
exist for all usersat all possibledelays. The ��� sampled
detectorexhibits considerablyworseperformancesincethe
systemmatrix is not full columnrank for any finite choice
of
�»º

when �®� � and �c+ý� .
Note that the MMSE solutionsmay be indexedby user

and delay, i.e., MMSE!�� 
 � � �d� é_����������2-ô9�D25À����(� � � �
where À����(� is the outputof the appropriateMMSE linear
detector. We will usethis notationin thenext simulation.



Figure4 is a Monte Carlo comparisonbetween��� and��� 6   sampledlinear detectorsin the presenceof AWGN
with synchronousand asynchronousequal power users.
The asynchronoususerseachhave uniformly distributed
delay over � ��� � � � � . As in the first simulation, MMSE
is calculatedfor all usersat all possibledelays but in
this casethe delay-optimalMMSE, given by MMSE!�e ��f��� 
 MMSE!�� 
 , is selectedfor eachuser and then aver-
agedoverall usersand500experiments.Thenoisevarianceg �% �´���ð� . Thelineardetectorlength

� º
is variedfrom 2 to

100.All otherparametersareasin thefirst simulation.
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This simulationprovidesevidenceindicating that ��� 6  

sampledreceiversmayachieve betterMMSE performance
than ��� sampledreceiversin thepresenceof additivechan-
nel noise,but only for larger valuesof

�»º
. The relatively

poor performanceof the fractionally sampledreceiver for
small valuesof

�»º
is dueto thefact that, for a fixedvalue

of
�»º

, theobservationintervalof the ��� 6   sampledreceiver
is half that of the � � sampledreceiver. In this simulation,
valuesof

� º ¼ I   causethe � ��6   sampledreceiver’s ob-
servation interval to not containeven one full bit (includ-
ing multipath)from a synchronoususer. Also notethatthis
simulationsuggeststhattheeffectsof asynchronismon av-
erageddelay-optimalMMSE performancearealmostneg-
ligible for both ��� and ��� 6   sampledreceivers.

7. Conclusions

In this paper we have explored the conceptof frac-
tionalsamplingto improvetheperformanceof linearmulti-
userdetectorsfor DS-CDMA communicationsystems.The
analysishasshown that fractionally sampledreceivers of
sufficient lengthsatisfya necessaryconditionfor the exis-
tenceof zero-forcingsolutionsunderconditionswhereno
FIR solutionexistsfor chipratesampledreceivers.Further-
more,simulationsin thepresenceof additivechannelnoise
indicatethat fractionally sampledreceiversmay alsooffer
improvedMMSE performanceoverchip ratereceivers.

The“robustnessto timing phaseerrorsproperty”of sin-
gleuserFSEswasnotexploredin thispaperfor fractionally
sampledmulti-userdetectorsandremainsanopenresearch
topic. Necessaryandsufficient conditionsfor theexistence
of FIRzero-forcingsolutionsin DS-CDMA communication
systemswith arbitrary asynchronismand multipath chan-
nelsarealsoa topicof currentresearch.
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